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A MEMOIR ON THE SINGLE AND DOUBLE THETA- 
FUNCTIONS. 


[From the Philosophical Transactions of the Royal Society of London, vol. 171, Part 111., 
(1880), pp. 897—1002. Received November 14,—Read November 28, 1879.] 


THE Theta-Functions, although arising historically from the Elliptic Functions, 
may be considered as in order of simplicity preceding these, and connecting themselves 
directly with the exponential function (67 or) exp. г; viz. they may be defined each 
of them as a sum of а series of exponentials, singly infinite in the case of the 
single functions, doubly infinite in the case of the double functions; and so on. The 
number of the single functions is =4; and the quotients of these, or. say three of 
them each divided by the fourth, are the elliptic functions sn, сп, dn; the number 
of the double functions is (4° =) 16; and the quotients of these, or say fifteen of 
them each divided by the sixteenth, are the hyper-elliptic functions of two arguments 
depending on the square root. of a sextic function. Generally, the number of the 
p-tuple theta-functions is = 47; and the quotients of these, or say all but one of 
them each divided by the remaining function, are the Abelian functions of p arguments 
depending on the irrational function у defined by the equation F(s, у) = 0 of a curve 
of deficiency p. If, instead of connecting the ratios of the functions with а plane 
curve, we consider the functions themselves as coordinates of a point in a space of 
(4?— 1) dimensions, then we have the single functions as the four coordinates of a 
point on а quadri-quadrie сигуе (one-fold locus) in ordinary space; and the double 
functions as the sixteen coordinates of a point on a quadri-quadrie two-fold locus in 
15-dimensional space, the deficiency of this two-fold locus being of course = 2. 


The investigations contained in the First Part of the present Memoir, although 
for simplicity of notation exhibited only in regard to the double functions are, in 
fact, applicable to the general case of the p-tuple functions; but in the main the 
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Memoir relates only to the single and double functions, and the title has been given 
to it accordingly. The investigations just referred to extend to the single functions; 
and there is, it seems to me, an advantage in carrying on the two theories simul- 
taneously up to and inclusive of the establishment of what I call the Product- 
theorem: this is а natural point of separation for the theories of the single and the 
double functions respectively. The ulterior developments of the two theories are indeed 
closely analogous to each other; but on the one hand the course of the single theory 
would be only with diffieulty perceptible in the greater complexity of the double 
theory; and on the other hand we need the single theory as a guide for the course 
of the double theory. 


I accordingly stop to point out in a general manner the course of the single 
theory, and, in connexion with it but more briefly, that of the double theory; and 
I then, in the Second and the Third Parts respectively, consider in detail the two 
theories separately; first, that of tlie single functions, and then that of the double 
functions. The paragraphs of the Memoir are numbered consecutively. 


The definition adopted for the theta-functions differs somewhat from that which 
is ordinarily used. 
The earlier memoirs on the double theta-functions are the well-known ones :— 


Rosenhain, “Mémoire sur les fonctions de deux variables et à quatre périodes, qui 
sont les inverses des intégrales ultra-elliptiques de la première classe.” [1846.] Paris: 
Мет. Savans Etrang., t. хі. (1851), pp. 361—468. 


Сбре, “Theorie transcendentium  Abelianarum primi ordinis adumbratio levis," 
Crelle, t. ххху. (1847), pp. 277—312. 


My first paper—Cayley, “On the Double 6-Functions in connexion with a 16-nodal 
Surface," Crelle-Borchardt, t. LXXXIII. (1877), pp. 210—219, [662]—was founded directly 
upon these, and was immediately followed by Dr Dorchardt’s paper, 


Borchardt, “Ueber die Darstellung der Awmmersche Fläche vierter Ordnung mit 
sechzehn Knotenpunkten durch die Gópelsche biquadratisehe Relation zwischen vier 
Thetafunctionen mit zwei Variabeln," Ditto, pp. 234—244. 


My other later papers, [663, 664, 665, 697, 703], are contained in the same Journal. 


FIRST PART.—INTRODUCTORY. 


Definition of the theta-functions. 


1. The p-tuple functions depend upon ijp(p- 1) parameters which are the co- 
efficients of а quadric function of p ultimately disappearing integers, upon p arguments, 
and upon 2p characters, each = 0 or 1, which form the characteristic of the 4^ functions; 
but it will be sufficient to write down the formule in the case p — 2. 


Аз already mentioned, the adopted definition differs somewhat from that which 
is ordinarily used. I use, as will be seen, а quadric function l(a, ћ, бут, n) with 
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even integer values of т, n, instead of (а, h, бут, n} with even or odd values; and 
I write the other term $«i(mu-mv) instead of ти + по; this comes to affecting the 
arguments и, v with a factor mi, so that the quarter-periods (instead of being mi) 
are made to be — 1. 


2. We write 
E ) = (а, h, бут, ny + фи (mu + nv), 


и, 9 
and in like manner 


m+ а, n + В\ _ к : 
безді нн я = (а, h, bim + a, п+ В) + ут [(m + а) (u + vy) + (n + В) (v +ò), 
and prefixing to either of these the functional symbol exp. we have the exponential 
of the function in question, that is, e with the function as an exponent. 


We then write, as the definition of the double theta-functions, 


a, 8 m + a, п + В 
sip 5 ) Си, 0) = X exp. bs Db 
where the summation extends to all positive and negative even integer values (zero 
included) of т and » respectively: а, В, y, 6 might denote any quantities whatever, 
but for the theta-functions they are regarded as denoting positive or negative integers ; 
this being so, it will appear that the only effect of altering each or any of them by 
an even integer is to reverse (it may be) the sign of the function; and the distinct 
functions are consequently the (4° =) 16 functions obtained by giving to each of the 
quantities а, В, y, Š the two values 0 and 1 successively. 


3. We thus have the double theta-functions, depending on the parameters (а, h, b) 
which determine the quadric function (а, h, бут, п) of the disappearing even integers 


(m, n) and on the two arguments (и, v): in the symbol (ж : ) which is called 


the characteristic, the characters a, В, y, 6 are each of them =0 or 1; and we thus 
have the 16 functions. 


The parameters (а, h, b) may be real or imaginary, but they must be such that 
reducing each of them to its real part the resulting function (ж (m, n) is invariable 
in its sign, and negative for all real values of т and п: this is, in fact, the condition 
for the convergency of the series which give the values of the theta-functions. 


4, The characteristic ( B is said to be even or odd according as the sum 
y, 9 8 


ау + 88 is even ог odd. 
Allied functions. 


5. As already remarked, the definition of 


У (% a (u, v) 


с. X. 59 
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is not restricted to the case where Ше a, 8, у, Š represent integers, and there is 
actually occasion to consider functions of this form where they are not integers: in 
particular, а, В may be either or each of them of the form, integer+4. But the 
functions thus obtained are not regarded аз theta-functions, and the expression theta- 
funetion will consequently not extend to include them. 


PROPERTIES OF THE THETA-FUNCTIONS: VARIOUS SUB-HEADINGS. 
Even-integer alteration of characters. 


6. If v, y be integers, then т, n having the several even integer values from 
— оо to + оо respectively, it is obvious that m + а +22, n+ + 2y will have the same 
series of values with m+ a, n+ respectively; and it thence follows that 


9 и г. М + 10) а Ail (5 4 (еі 


Similarly if 2, ш are integers, then іп the function 


Y = 4 92, 5 + 2v) (м, v) 


the argument of the exponential function contains the term 
то (т + али + у + 22+п+8.0+ + 20) ; 
this differs from its original value by 
lai (m + a. 2z + n + 8.2w), 
= тї (та + nw) + ті (az + Bw), 


and then, m and n being even integers, mz+n is also an even integer, and the 
term mi(mz+nw) does not affect the value of the exponential: we thus introduce 
into each term of the series the factor exp. те (аг + Bw), which is, in fact, =(—)=+8%; 
and we consequently have 


М (5 + 25, 4 + м) оос pipuy k 4 (м, v); 


от, uniting the two results, 


а + 22, B+2y\_ " „Ае В 
ы » + 22, Š + x) де n us Š ) au 


This sustains the before-mentioned conclusion that the only distinet functions are the 


16 funetions obtained by giving to the characters а, 8, 2 Š the values 0 and 1 
respectively. 


Odd-integer alteration ој characters. 


7. 'The effect is obviously to interchange the different functions. 
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Even and odd functions. 


8. It is clear that -т-а, -п-В have precisely the same series of values 
with m + a, т + В respectively: hence considering the function 


d 1 


the linear term in the argument of the exponential may be taken to be 


ici|-m-—a.—wu-ctwyc—n—8.—v48], 
which is 
= }ті т + а. и+у+п+ В.о+ 8) – ті (т+а.у+п+ 8.8); 


the second term is here 
= — те (my + në) — тї (ay + BS), 


where, my +në being an even integer, the part — ті (ту + në) does not alter the value 
of the exponential: the effect of the remaining part — ті (ау + 88) is to affect each 
term of the series with the factor exp. — тї (ау + 86), or what is the same thing, 
exp. тї (ау + 86), each of these being, in fact, = (—)#Y+88, 

We have thus 


(es -omms о 


viz.. s (° А (и, v) is an even ог odd function of the two arguments (и, v) conjointly, 


according as the characteristic Ж s is even or odd. 


The quarter-periods unity. 
9. Taking 2 and w integers, we have from the definition 
а, В. x 2 M а 
5 (% MILES +) = 3 де 2.) (и, v), 


viz. the effect of altering the arguments и, v into u + 2, v+w is simply to interchange 
the funetions as shown by this formula. 


If 2 and w are each of them even, then replacing them by 22, 2w respectively, 
we have 


&-' В 


(T " (и + 22, 9 + и) = (oar SEN Us v), 


which by a preceding formula is 


= (ees (% A (u, v), 
59—2 
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or the function is altered at most in its sign. 


s (С В) (и + 42, v 4) = ( 4 С v). 


And again writing 22, 2w for 2, w, 


we have 
a 
у, 
In reference to the foregoing results we say that the theta-functions have the 
quarter-periods (1, 1), the half-periods (2, 2), and the whole periods (4, 4). 


The conjoint quarter quasi-periods. 


10. Taking 2, y integers, we consider the effect of the change of и, v into 
7, 1 
и + — (az + hy), 9+ — (hi + by). 


It is convenient to start from the function 
а-г, В- 1 1 4 
3 к 8 ПСС hy), v+ = (har + Бу); 
the argument of the exponential is here 
1 (а, h, b0m + a — a, п+ 8 — у) 
Td пало. (аа + y) en B-y. o B4 si Php). 


which is 
= (а, h, b§¥m+a, n + 8) + 3 т(т+а.и+у+п+ В.о+ Š) 


+ other terms which are as follows: viz. they are 

— + (а, h, bm + a, n + Bla, y) + (m + а .аг + пу + n + 8 .ћа + by) 

+ + (а, h, бђа, yy -Дт(г.и+у+у.о+д) 
— 3 (z . a@ + ћу + y. ha + by), 
where the terms of the right-hand column are, in fact, 

= + (а, h, bým +a, п+ 802, y) 
„-фт(г.и+у+у.о+ 8) 
—$ (а, h, ўа, у), 


and the other terms in question thus reduce themselves to 
- (а, h, бђа, yy — dmi (2 .и + y + у. + 9), 


which are independent of m, », and they thus affect each term of the series with 


Ше same exponential factor. The result is 


Еу E) СЕС v+ = (he + by) 


= exp. |- 1 (а, h, 6х, yy bri(o uer y v9) S (° A (и, v) ; 
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or (what is the same thing) for a, В, writing a+, В + y respectively, we have 
a, В 1 + 
У (> 3) (u+ — (ax + hy), 0+ (hæ + ру) 


= exp. (- | (а, h, bo, yy — ут (2.и+у+у. + 6)] Š е” MATO v). 
Taking 2, y even, or writing 22, ду for г, y, then on the right-hand side we have 


š кі кч B+ зу) ay 


= $ b. 4 (ш, v): 


but there is still the exponential factor. 


which is 


1. The formule show that the effect of the change и, v into и + (az + y), 
77 
1 ^ ; қ ; б 
v — (ha + by), where z, y are integers, is to interchange the functions, affecting them 


however with an exponential factor; and we hence say that — (a, h), = ©, b) are 


conjoint quarter quasi-periods. 
The product-theorem. 
12. We multiply two theta-functions 


а, ; ; a’, В ; ^. 
У (в) ии, оо) У (V у) (и “,%-%); 
it is found that the result is a sum of four products 


Ше MESS de, 2v). B HM В) +9) (av, 27), 
yy Ы ^y у , 


where p, q have in the four products respectively the values (0, 0), (1, 0), (0, 1), and 
(1, 1); © is written in place of $ to denote that the parameters (a, h, b) are to 
be changed into (2a, 2h, 2b) It is to be noticed that, if а, а are both even or 
both odd, then 4 (а + а), 4 (а — а) are integers; and so, if В, В’ are both even or 
both odd, then 4 (8 + 8), + (8 – В) are integers; and these conditions being satisfied 
(and in particular they are so if а= о, В = 8) then the functions on the right-hand 
side of the equation are theta-functions (with new parameters as already mentioned); 
but if the conditions are not satisfied, then the functions on the right-hand side are 
only allied functions. In the applications of the theorem the functions on the right- 
hand side are eliminated between the different equations, as will appear. 


13. The proof is immediate: in the first of the theta-functions, the argument 
of the exponential is 
m + а ,1+8 
кат сет 
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and in the second, writing ту, »' instead of m, n», the argument is 


CIE „в + js 
u —и + y, v —v + ë? 


hence in the product, the argument of the exponential is the sum of these two 
functions, viz. 


= (а, h, bim +a, п +В) + ті (т +а.и+ и +у+п +0. +” + Š) 
+ + (а, h, бут +a, п + By + lari (т + W. —w + у +т + 8'.2—% + Š). 
Comparing herewith the sum of the two functions 
(акне v+4 и р ВН n ui 
2u + у + 7, 20+9+86 и + у — у ,27'+8—6 
=} (2a, 2h, Bfp + 3 (a + a), v+ Y (8 + By 
+ ті Чи + (а + а). ди + у ty +7 + 3 (8 + 8). 20+ 8 +8) 
+ 1 Са, 2h, 260’ c (а—%), w + 3 (8 8)) 
+ dmi (ш +5 (а а). Фи +y- у v + 3 (8— 8).2v +è- 87], 
the two sums are identical if only 
qm + ту = ди, mn + т = Әу, 
m — т = ш, п-т = ди, 
as may easily be verified by comparing the quadric and the linear terms separately. 
The product of the two theta-functions is thus 
"Зе rey casas ) PUR фи мат) 


with the proper conditions as to the values of р, v and of w, v in the two sums 
respectively. As to this, observe that m, m are even integers; say for a moment 
that they are similar when they are both =0 or both =2 (mod 4), but dissimilar 
when they are one of them =0 and the other of them = 2 (mod 4); and the like 
as regards п, п. Hence if m, ту are similar, р, w are both of them even; but if 
m, т’ are dissimilar, then р, р’ are both of them odd. And so if т, п’ are similar, 
v, v are both of them even; but if п, п are dissimilar, then >x, v are both odd. 


> 


14. There are four cases: 
m, т/ similar, n, n similar, 
m, m’ dissimilar, », п similar, 
т, ту similar, т, п dissimilar, 
т, ту dissimilar, n, п’ dissimilar. 
In the first of these, и, v, м’, > are all of them even, and the product is 


з(а+а), &(8 8) Қаза), $(8- Ву о еи 
Т yty, 5+5 y ) ен 307; e( 7 a B >) #6, 9) 
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In the second case, writing w+1, ш +1 for и, и, the new values of ду и will 
be both even, and we have the like expression with only the characters 4 (а +“), 
1 (а-а/) each increased by 1; so in the third case we obtain the like expression 
with only the characters à(8--/9), 1(8- 8) each increased by 1; and in the fourth 
case the like expression with the four upper characters each increased by 1. The 
product of the two theta-functions is thus equal to the sum of the four products, 
according to the theorem. 


Résumé of the ulterior theory of the single functions. 


15. For the single theta-functions the Product-theorem comprises 16 equations, 
and for the double theta-functions, 256 equations: these systems will be given in 
full in the sequel. But attending at present to the single functions, I write down 
here the first four of the 16 equations, viz. these are 


0.0 Sho) © S (D) = ХХ + ҮҮ", 

1.0 у 4 щ 1 = YX XY 

Ы 0 » 0 » ood + > 

0.1 9 ы і 99 JA o PR" 
1 1 | 

©. LAM e AUN -- YX'+ XY’; 


where X, Y denote © (0) (Зи), a(o) (2u) respectively, and X’, Y' the same functions 


of 2w respectively. In the other equations we have on the left-hand the product of 
different theta-functions of u +w, w—w' respectively, and on the right-hand expressions 
involving other functions, X,, У,, Ху, Үү, «с, of ди and 2w' respectively. 


16. By writing и =0, we have on the left-hand, squares or products of theta- 
functions of и, and on the right-hand expressions containing functions of ди: in 
partieular, the above equations show that the squares of the four theta-functions are 
equal to linear functions of X, У; that is, there exist between the squared functions 
two linear relations: or again, introducing a variable argument z, the four squared 
funetions may be taken to be proportional to linear functions 


(а-а), 8(6-#«), 6 (с-а), Ф(4-«), 


where 9[, 8, 6, D, а, b, с, d, are constants. This suggests a new notation for the 
four funetions, viz. we write 


(5) (u), У (5) (u), У (1) (и), У (1) 


= Аи, Ви, Си, Du; 
and the result just mentioned then is 
Aw го ғғат Фи css Du 


=U (a— 2): 80-2): 60-8): (0-2) 
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which expresses that the four functions are the coordinates of a point on a quadri- 
quadrie curve in ordinary space. 


17. Тһе remaining 12 of the 16 equations then contain on the left-hand products 
such as 


А (и+ w).B(u—w); 


and by suitably combining them we obtain equations such as 
ии и-и ии и-и 

В.А-А. В 

O.D4-D.O 


= function (4), 


where for brevity the arguments are written above; viz the numerator of the 
fraction is 

В(и+ и) А (u — и) — А (u -- uv) В(и-и), 
and its denominator is 


C (u + чу) D 6 – 1) + D (u + w^) С(и-и). 


Admitting the form of the equation, the value of the function of w' is at once found 
by writing in the equation w=0; it is, as it ought to be, a function vanishing for 
и = 0. 


18. Take in this equation w’ indefinitely small; each side divides by w, and 


the resulting equation is 
AuB'u— BuA'u 
NES CU ONES const., 
where Ан, Ви are the derived functions, or differential coefficients in regard to и. 
It thus appears that the combination АиВи— ВиАи is a constant multiple of 
CuDu: or, what is the same thing, that the differential coefficient of the quotient- 


function p is a'constant multiple of the product of the two quotient-functions СЕ 
Du | 


and adu Я 


19. And then substituting for the several quotient-functions their values in terms 
of т, we obtain a differential relation between 2, и; viz. the form hereof is 
Маг ij 


UAE аб вези dg. 


du 


and it thus appears that the quotient-functions are in fact elliptic-functions: the 
actual values as obtained in the sequel are 


Ж Du + Cu, 


са Ku c A/ Ви + Си, 


да Ки- Wk Аи = Cu; 


sn Ки = — 
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and we thus of course identify the functions Au, Ви, Cu, Du with the H and the 6 
functions of Jacobi. 


20. If in the above-mentioned four equations we write first и = 0, and then w = 0, 
and by means of the results eliminate from the original equations the quantities 
X, Y, Х, Y' which occur therein, we obtain expressions for the four products such 
as А (ии) А (и — ш). One of these equations is 

C*0 . C (u фи) € (и — ш) = Cu Си — Du Dw. 
Taking herein w' indefinitely small, we obtain 
Сиб"и — (C'u) _ С"0 y Dru 
Cu ni - (0 Сва 


where the left-hand side is in fact Ф log Cu, or this second derived function of the 


ди 


: ii, АЕ : D 
theta-funetion Cu is given in terms of the quotient-function бы: hence, integrating 


twice and taking the exponential of each side, we obtain Си as an exponential the 
argument of which contains the double integral | | E (du), of a squared quotient- 


function. This, in fact, corresponds to Jacobi’s equation 
ди = ксы дне (1- к) e Дуан | awu 
т 


21. From the same equation 

C*0 . C (u + ш) € (и — ш) = Сиби — Du Dv, 
differentiating logarithmically in regard to и and integrating in regard to и, we obtain 
C (u — w) 
С(и+ и)” 
hand ап integral in regard to и; this, in fact, corresponds to Jacobi's equation 
6.4 Ө (u — а) 
алд % © me. 


an equation containing on the left-hand side a term log and on the right- 


= II (u, а) 


_ [ sna cn а dna sn? и du 
-| | 1-8 a sn?u 
22. It may further be noticed that if, in the equation in question and in the 
three other equations of the system, we introduce into the integral the variable 2 
in place of и, and the corresponding quantity £ in place of и, then the integral is 
that of an expression such as 
ELLE пе. 
ТУа-г.б-а.с-г.д-г 


where T is ==— Е, or is = any one of three forms such as 


1, 2+#, ФЕ. 
1, a+b, ab | 
| 1; ба, ed | 
x 60 
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Résumé of the ulterior theory of the double functions. 


23. The ulterior theory of the double functions is intended to be carried out 
on the like plan. As regards these, it is to be observed here that we have not only 
the 16 equations leading to linear relations between the squared functions, but that 
the remaining 240 equations lead also to linear relations between binary products of 
different functions. We have thus between the 16 functions a system of quadric 
relations, which in fact determine the ratios of the 16 functions in terms of two 
variable parameters а, y. (The 16 functions are thus the coordinates of a point on 
a quadri-quadric two-fold locus in 15-dimensional space.) The forms depend upon six 
constants, a, b, c, d, e, f: writing for shortness 


Ма = Ма—2. а — y, 
Vab = Мао. Ба ў. у.а уау у ууа a—a.e—a}, 


(observe that in the symbols Маб it is always f that accompanies the two expressed 
letters а, b—or, what is the same thing, the duad ab is really an abbreviation for 
the double triad abf.cde): then the 16 functions are proportional to properly determined 
constant multiples of 


Va, Vb, Мс, Ма, Ve, Vf, Маб, Мас, Vad, Мае, Vbe, Vbd, Vbe, Ved, Мсе, V de: 


and this suggests that the functions should be represented by the single and double 
letter notation А (и, v), ..., АВ (и, v),...; viz. if for shortness the arguments are omitted, 
then we have 


А, В, C, D, E, Е AB, AC, AD, AE, BC, BD, ВЕ, CD, CE, DE, 


proportional to determinate constant multiples of the  before-mentioned functions 
Va, ..., Маф, ..., of z and y. 


24. It is interesting to notice why in the expressions for Vab, &c, the sign 
connecting the two radicals is +; the effect of the interchange of г, y is, in fact, to 
change (и, v) into (—u, —v); consequently to change the sign of the odd functions, 
and to leave unaltered those of the even functions: the interchange does in fact leave 
Ма, &c. unaltered, while it changes Маф, &c., into - Маб, &c.; and thus, since only 
the ratios are attended to, there is a change of sign as there should be. 


25. Тће equations of the product-theorem lead to expressions for 


utwu-w utw и-и 


? 


where the arguments, written above, are used to denote the two arguments, viz. ии 
to denote (и+ W, v+v') and u—w' to denote (u—w, 9-%); and where the letters 
А, B denote each or either of them a single or double letter. These expressions 
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are found in terms of the functions of (и, v) and of (w, v): in any such expression 
taking и, v each of them indefinitely small, but with their ratio arbitrary, we obtain 
the value of 

A OB В. дА, 


(viz и here stands for the two pei (и, v), and д denotes total differentiation 
дА = ди „А (и, v) + dv = 4 (0, 2)! 


as а quadrie function of the functions of (и, v): or dividing by 42, the form is 22 equal 


to а function of the quotient-functions 1. &c. that is, we have the differentials of 


the quotient-functions in terms of the quotient-functions themselves. Substituting for 

the quotient-functions their values in terms of г, y, we should obtain the differential 

relations between da, dy, du, dv, viz. putting for shortness 

' Х=а—2.6—2.0—2.д4—г.е6—г2.ј]— а, 

and 
Ү-а-у.5-у.с-у.а4-у.е-у./-у, 


dz ду «ат: уду 
МАНЕ МЕ му 


each of them equal to а linear function of ди and dv: so that the quotient-functions 
de fede. 
УХ” JINX’ 
and there is thus an addition-theorem for them, in accordance with the theory of 
these integrals. 


these are of the form 


are in fact the 15 hyperelliptic functions belonging to the integrals 


26. The first 16 equations of the product-theorem, putting therein first и=0, 
0-0, and then и =0, 9 =0, and using the results to eliminate the functions on the 


right-hand side, give expressions for 
wtw и-и 


А. D, бе, 


that is, they give А (u+ и’, u+ v).B(u—w, 9-7), «с., in terms of the functions of (и, v) 
апа (и, 2): and we have thus an addition-with-subtraction theorem for the double 
theta-functions. And we have thence also consequences analogous to those which present 
themselves in the theory of the single functions. 


Remark as to notation. 
27. I remark, as regards the single theta-functions, that the characteristics 


(о); (о); G) С). 


might for shortness be represented by a series of current numbers 
0, L 2, 8: 
60—2 
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and the functions be accordingly called Yu, Зи, Зи, Xu; but that, instead of this, 
I prefer to use throughout the before-mentioned functional symbols 
A. Be Ме 


As regards the double functions, I do, however, denote the characteristies 


00.. 10.01 . 11 |:.00,.10. 061: 11: | 00, ер 00 Уи 

00’ 00” 00’. 00. |: 10 ОВО ЛОЛЕ РАНА ЕН и ии 
by a series of current numbers 

0, 1,72, 18у 4,565) 61 1;% 8; Ви и Вир 2435, 


and write the functions as 9), 9;,..., Sy, accordingly; and I use also, as and when it 
is convenient, the foregoing single and double letter notation А, AB,..., which 
correspond to them in the order 


BD, СЕ, CD, ВЕ, AG C; AB; В: BO, DE) pa AD, D. E AE 


Moreover, I write down for the most part a single argument only: thus, А (и + и) 
stands for A (u +w, v + v), А (0) for А (0, 0): and so in other cases, 


SECOND PART.—THE SINGLE THETA-FUNCTIONS. 
Notation, «с. 
28. Writing ехр. а = 9, and converting the exponentials into circular functions, 


we have, directly from the definition, 


+ : (и) = Su = Ди = 1 + 24 cos ти + 24 cos 2ти + 24° cos Зти + ..., 


3 я (и) = Ми = Ви = 2 cos $ ти + 29* cos $7ru + 24% cos ти +..., 


3 у (и) = 9 = Си = 1 — 24 cos ти + 2ф cos ти — 20° cos Зти +... (= Ө (Ku), Jacobi), 


- 


9 ; (и) = ци = Пи  - 24! sin $ru + 24! sin ӛти- 24“ eos 5ти +... (= — H (Ки), Jacobi), 


where a is of the form аж-а+ i, а being non-evanescent and positive: hence 
q = exp. (— a + 81) = е“ (cos В + i sin В), where e^, the modulus of 4, is positive and 
less than 1; сов may be either positive or negative, and g is written to denote 
exp. }(—a+ i), viz. this is —e*(cosl8-risinlS] But usually 8-0, viz. q is a 
real positive quantity less than 1, and gt denotes the real fourth root of g. 


I have given above the three notations but, as already mentioned, I propose to 
employ for the four functions the notation Au, Ви, Cu, Du: it will be observed that 
Du is an odd function, but that Au, Bu, Cu are even functions, of и. 
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The constants of the theory. 


29. We have 
4021-29 +29 +24 +..., 


Во = 2 + 24 + 24" +..., 

С0 =1—24 + 2ф —29 +..., 

DO = 0, 

рд= —тп[4%— 34: + 54“ — ...]. 
If, as definitions of k, k', K, we assume 


_во 6200 у__40 ро 
~ А’ Аз’ › 20 00° 
then we have 


k lt IL |, -4 /4 (1 – 44 4 144 +...), 


1 + 29 + 24 +... 
nm (uix rcp EE. ы 
k = 11+ 32629 + ‚ =1- 89 + 320° — 96g? +..., 
_т+29+24 +...) (1 34 59 — ...) ,2dm (1 + 4q + 42 + 09° +...) 


2(1— 29+ 24 — ...) (1+9'+9'+...) ' 
where I have added the first few terms of the expansions of these quantities. We 


have identically 
k+ К = 1. 


It wil be convenient to write also, as the definition of Z, 
K(K-E)- i 
we have then 


1 0" 1 | е ЊЕ 


moreover, 

К Ко ^ ЧЕТ b 
giving 

2- 1-84-48 – 2240 + ..., 
and thence 

Е = ұт [1 — 44 + 200 — 64e +...). 


30. Other formule are 


E: +ф.1+4.. 
ы ШІСІ ет ИЕ, M |, 
тд peat etn kag RIDE 
i 1+4. ic 
1+q. ae - eye} 
Жж an {rte 1-@ ite US m | 
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81. Jacobi’s definition of q is from a different point of view altogether, viz. we 


7 


have q= exp. — нд where 


i. , 
озар 
oV1— ksin? g ' 


апа К’ is the like function of k’; the equation gives log q=— ., viz. we have 
K 
К’=- = log q, 


and, regarding herein K as a given function of q, this equation gives K’ as a function 
of q. 


The product-theorem. 


32. The product-theorem is 
s (° ) (uw). s (° )@- и”) 


=0 рау 2u.@ г wd oda d (пије У ди. дастығы 4 2u' 
quy qo 7% you 
Here giving to v 2 their different values, and introducing unaccented and accented 


capitals to denote the functions of 2u and 2w' respectively, the 16 equations are 


AA ии рии = ХХ + YY’, (square-set) 
1 1 / / 
B.B 9 NL. » = ҮХ' + ХР, 
0 0 
0.0 A : >" NI d qM 444 
1 1 j r 
D.D 31 » 31 » =: YX’ + AES 
0 0 Г ; 
C.A S u +u S 0%-“ ‘= X, X,+ Y,Y;, (fist product-set) 
A10 9 аи p Ua MN 
0 T ГА 4 4 ГА 
1 1 А 
D.B 31 » 30 » = idi da Қ-А в 
1 1 е ' 
B.D э » 31 » == УХ, - Х,Ү/; 
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B.A У Š utu so u — w = PP + QQ’, (second product-set) 
0 1 
A.B Зо » 3 0 » == PQ' + QP', 
1 0 TUM š 
D . C У 1 » 3 1 » A iPP ы 400, 
0 1 ра: Пр 
С. D 1 4 У „ = РО = ШР: 
1 VT. қ ; Р 
D.A у |+" ® 0“-“ = РР, + QQ’, (third product-set) 
0 1 ° pois , 
A.D У о > К] пт Р.О’ — Q P, 
1 0 ‘DD. enn: 
B.C 30 А 91i » =-1Р,Р,+10,0,, 
0 1 ; , 
C.B > 1 ” > ви. = P'O + QP, 


33. Here, and subsequently, we have 
0 3 384.3 E агай at а! Б. 

90; Ө 0: 91, 91 Qu) wb Edu с Ө 0, ө, 91, Ө 1 Qu) er, 0, РФ. 
» » » » (ги) = X", Г", Ж.) 4. » » » » (“чу = P”, в, 25 Q/, 
и. ји ти (0) за, B, a, B, в » » » (0) ғр, 9 р, $; 

viz. we use also а, В, a, В, and p, q, p, q, to denote the zero-functions; В, is = 0, 


but we use В/ to denote the zero-value of A Ка 


34. In order to obtain the foregoing relations, it is necessary to observe that 
күйе. 
7 7 
by which the upper character is always reduced to 0, 1, j or $; and that, for re- 
ducing the lower character, we have 
0 0 1 1 
Ө = ; 9 == Ө; 
142 yo ytz y’ 


© 


Теру E ЗА isu d.a Lu 
Ра bt ai 444, 524” 1 у’ y—2 1 y! 
by means of which the lower character is always reduced to 0 or 1: in all these 
formule the argument is arbitrary, and it is thus =2u, or 2w' as the case requires. 
The formule are obtained without difficulty directly from the definition of the 


functions Ө. 
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ж! 


85. As an instance, taking y = 1, р, the product-equation is 


$104u).91(u-w) = НОИ (2u’) + Ө 2 (Фи). © 2 (2) 


=19 À (зи) ; ət (ги) — 46 4 (2u). © h (24), 
=iP. P —iQ.Q', 
which agrees with the before-given value. 


36. Тће following values are not actually required: but I give them to fix the 
ideas and to show the meaning of the quantities with which we work. 


u=0 
X = 90 Qu) = 1 + 24 cos Эти + 20 cos Фти + ..., а =l +2фФ +20 +..., 
l. ; 3 < 54.908 
Y =® (2и) = 24% cos ти + 24% cos Зти + ..., B= 29? + 29° + ..., 


; а =1— 29 +2q —..., 


4 


Х,=9) (ёи) = 1 — 24? cos 2ти + 24% cos Ати — ... 


Y,=@ (2u)= -2jsm ти + 24 sin Зти-..., | 8, = 2m (- di 9j — ...) 
d r 
= 7. ft и = 0. 


Р=® i o QU = 4% (cos $ru + i sin $ mu) + që (cos ти — i sin дати) 

+ q* (cos Bu + i sin ёти) +... 
Q = ө H (2и) = q? (cos Y ru — i sin ти) + gë (cos ти + i sin šu) 

+ q% (cos ти — i sin $ru) +... 


P = : (Фи) = ра fat (cos Yaru + i sin $ru) — q* (cos ги — i sin ти) 
— q (соз 5ти + isin фти) + а А 
Q,= 8 1 (2u) = = fat (cos $ ти — isin $ru) — që (cos ти + i sin šu) 


— q* (cos $ ти — i sin ўти) + 187 
and therefore also 


р=4=9+ 9+9 +...... 


ална 
ТЕ КҮ, ЖО, Pang tet оре Do. : ыд! 
P= B. s n quo qe PR +1 m S (Dol p iq, 
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The square set, и = 0; and a-formule. 


37. We use the square-set, in the first instance by writing therein и = 0; the 

equations become 

A?u — aX +BY, =o (a — а), 

Bu = ВХ + aY, = 0% (b — z), 

Си =аХ - ВУ, = (c — z), 

Ри = ВХ — aY, = 0 (d — z), 
viz. the equations without their last members show that there exist functions w* and 
га”, linear functions of X and У, such that 9, B, 6, D, Яа, Bb, (c, Dd, being 
constants, the squared functions may be assumed equal to 9а. 0° – A. ww, &c. that 
13, e" (а — а), &c., respectively: the squared functions are then proportional to the 
values 9[(a — æ), &c. 


To show the meaning of the factor w*, observe that, from any two of the equations, 
for instance from the first and second, we have an equation without о, 


А?и + Ви = Ч (а — а) -V (b — z); 
and using this to determine г, and then substituting in «e? = Au (а-а), we find 


_ ВАзи — Ви 
(а—ђ) AB ° 


w? 


where the numerator is a function not in anywise more important than any other 
linear function of А% and Bèu. 


38. The function Du vanishes Юг и=0, and we may assume that the corresponding 
value of 2 is =d. Writing in the other equations u= 0, they become | 


4*0 = (a? + 8°) = «Ч (a — d), 

ВЮ = 28 =? (Ь – а), 

C0 = a — 8° =w% (c — d), 
where @ is what а" becomes on writing therein 2-4. It is convenient to omit 
altogether these factors о" and об; it being understood that, without them, the 


equations denote not absolute equalities but only equalities of ratios: thus, without 
the œ, the last-mentioned equations would denote i 


A0 : BO: С0 = а + 8: 2a8 : #- 8°, =A (a — d) : % (b — d) : @& (e — d). 


The quantities A, B, 6, D only present themselves in the products 90°. &с., and 
their absolute magnitudes are therefore essentially indeterminate: but regarding œ? as 
containing a constant factor of properly determined value, the absolute values of 
9, B, 6, D may be regarded as determinate, and this is accordingly done іп the 
formule 912 = — agh, «с, which follow, 

с. X. 61 
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Relations between the constants. 


39. The formule contain the differences of the quantities а, b, с. d; denoting 


these differences 
b-c, с-а, a—b, а-а, b—d, с-а, 


in the usual manner by 


a, b, с, f, g h, 
so that 
.-h +g -а+0, 
h .-f —b=0, 
-g +f . -с-0, 
a+b +c ‚ =), 
and also 
af + bg + ch = 0; 


and then assuming the absolute value of one of the quantities A, B, 6, D, we have 
the system of relations 


9° = —асћ, BEa= ФФ, Оһо = -86Ф, ABCD = abcfgh, 
3: = bhf, CAb=-BDg, Beag= CAD, 
@ = сір, AVe = – 69ћ, Cabh= ABD, 


$: = — abe, Dfgh = — ABC, 
eS? + bE — fD = bef (af + bg + ch), = 0, 
— с29 . +226? -gD = сар ( M ) =0, 
-bÆ + а82 . —h*D?=abh( ў ) =9, 
-fW + 08° +2062 . ==. n ) = 0. 


It is to be remarked that, taking c, a, b, d in the order of decreasing magnitude, 
we have —a, b, c, f, g, h all positive; hence 9P, 38, @, D? all real; and taking as 
we may do, $ negative, then A, 3, © may be taken positive; that is, we have 
— à, b, c, f, g, h, 9, 3, 6, — $ all of them positive. 


40. We have 


= 


А'0 = о + 8* = 916, 
В = 2а8 =p, 
C*0 = a? — 8° = Gh. 


The foregoing equations 


В ‚ CN 
=’ = ax 
give 
‚ ONE , Gh 
k= FP? =o 
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and we thence have 


— (Tf. 
satisfying aie 
41. Observe further that, substituting for a, b, c, f, g, h their values, we have 
9p =<—6.ђ—а.с—а, = c-d.d—b.b—ec, 


V 2c—a.c—d.a—-d, = d—a.a—c.c—d, 

(6: =a-b.a—d.b—d, -—a-—b.b —d.d—a, 

$Q'2c—b.c—a.a-b, + -0-с.с-а.а- b, 
where in the first set of values all the differences are positive, but in the second set 
of values, we take the triads of афса, in the cyclical order bed, cda, dab, abe, There 
is in this last form an apparent want of symmetry as to the signs (viz. the order 


which might have been expected is + — + —) but taking the order of the letters to 
be ©, 9, 8, D and с, а, b, d, then the cyclical arrangement is 


6: --6-4.д-а.а-Ь, 
Әр 2—d—c.c —b.b —d, 
P =-с-а.а-а.4-с, 
2——g—b.b-—c.c—a, 
where the four outside signs are all —. Observe that the triads of abcd, and abdc, are 
bed, cda, dab, abe, 


bde, dea, cab, abd, 


where in the first and second columns the terms of the same column correspond to 
each other with a reversal of sign, whereas in the third and fourth columns the lower 
term of either column corresponds to the upper term of the other column, but without 
a reversal of sign. 


and 


The product-sets, и X и: and w indefinitely small, differential formule. 


42. Coming now to the product-sets, these may be written 


1 (0. A 4 A. C] = X. X7, 1 iC .A - O = YP 
(D. B--B.D) = Y,X/, „{ір.В- В.р} =Х,Ү,, 
:43(B.A- A.B (P+ Q)(P + Q), | 1(8.А–—А.В)= (Р- Q)(P — 0), 


| = 
^ »(D.C4--C.Dj- 1Р-9)(Р + Qy | „(р.С—С .р] = APF ОО(Р- %), 
+(р.А+А.р = (Р,-%)(Р/-%0), | 3.4 -4.Ш- (P, iQ) (P/ – 10), 
,(B.C-C.Bj 2 -i(P,-1Q) (P/ cQ), | , (B.C -C. B] 2 -i (P, -4Q) (P/ — iQ). 

| 61—2 


www.rcin.org.pl 


484 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704 


43. We can from each set form two fractions (each of them a function of и + W 
and u— w), which are equal to one and the same function of и only: for instance, 


3 y ђ E р 
from the first set we have two fractions, each x: putting in such equation и 0, 


we obtain a new expression for the function of w' involving only the theta-functions 
Aw, &c. which new expression we may then substitute in the equations first obtained: 
we thus arrive at the six equations 


“+W w—w uwtwuwu-wurwu-wwurwu-w 


0.A—A.0 D.B-B.D DW.Bw 


D.B--BiD О:АФЧА Че 
_В.А-А.В р.0-0.0 Dw.Ow 
2.04070 ваза Виле 
В.С-С.В D.A—A.D Dw.Aw 


Ср.а+ 4.0 В.С+0.В Bus Ow 
where observe that the expressions all vanish for w'- 0. 


44. Taking herein и” indefinitely small, we obtain 


Au. C'u —Cu. A'u Bu.D'u— Ри. Ви D'0. BO _ к P9 
Ви. Пи за Св ди АВ ^ AN 
_ Аи. B'u— Ви. A'u Си. D'u — Du. Cu 10. CO _ ge” 
Cu. Du d Au.Bu о. ДО 7-15 
_ Cu. Ви – Ви. Ст Au. D'u—Du.A'w 0. 40 Ok 
Ап. Ри "E Ви. Си ОАК, DO. Ts 4 


where the last column is added in order to introduce K in place of D'O. 
45. These formule in effect give the derivatives of the quotient-functions in terms 
of quotient-functions: for instance, one of the equations is 


d Du уви Си. 
du Au Au ` Au? 


substituting herein for the quotient-fractions their values in terms of г, this becomes 


d д-г _ЖАЙ ои 2.0—2 EE CS г.с-г 


ди а-а 


РД 


or the left-hand being 

ms ws Hm 
(a — zi d — 2 du’ 
this is 2% 
$ Vaf. да 


K ee | 
4) Ма-г.6-г.с-г.д-г 


where on the right-hand side it would be better to write V—af in the numerator 
and «—d in place of d— in the denominator. 
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Comparison with Jacobis formule. 


46. The comparison of the formule with Jacobi's formule cam 


x ME Dae о = ал d-a (or better 
Vk 


еп Ки = „Е Bu + Cu, sad LEE in. 
k g У c-a 
до Ки= Vk Аи Ои, UNITS. 

с-г 


where it will be recollected that 


It may be remarked that we seek to determine everything in terms of a, b, c, d. 
The formula just written down, k*=bg+-—af, gives k in terms of these quantities; 
and k, K being each given in terms of q, we have virtually K as a function of k, 
that is, of а, b, с, d: but it would not be easy from the expressions of k, К, each 
in terms of 4, to deduce the actual expression 


2 аф 


o М1 — віп $ ° 
of K as a function of К. 


The square-set, и + w. 
47. Reverting to the square-set 
А (и+и)А(и-и)= XX'+YY', 
В(и+и)В(и-и)= ҮХ'+ ХҮ, 
С(и+ и) С (и- ш) = ХХ'— ҮҮ’, 
D(u +w) Пи-и)<+- УХ + ХҮ, 


if we first write herein 0 = 0, and then и = 0, = the results to determine the 
values of X, Y, X', Y' we find 


aC*u — BD*u = (о — В) X, аб — Ви = (a? — В?) Х', 
BCu-aDu= , Y, Ви — с = ` ,, Y5 

and thence 
(e — В) XX’ = ae , uw + 8°. Ри Ри — aß (Сии + Duw’), 
"UNE + Oe же » 748 ” , 

whence 
(a? — BF (X X' + VY’) = (a? + 8°) (СиСч + Пини) — 208 (Сии + DuC’), 
‚ (œ — 8) (XX'— ҮҮ = (C*uC*u' — Г.Г), 
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where observe that, in taking the difference, the right-hand side becomes divisible by 
o?— 8°, and therefore in the final result we have on the left-hand side the simple 
factor a?— 8° instead of (a — 87). 


Similarly 
(a? — 8°) УХ’ = aß (СС? + Пич) — о D*uC?w — euD, 
Е » Aq. = aß » xc p » -Ф » > 
and thence 
(е-87( УХ + XY?) = 2a8 (C*uC*w + D*uD*w) — (a? + 87) (Си + Duu’), 
(a? —8?) (-УХ + XY’) = Duw — СзиПеи. 
48. Hence recollecting that 
4°0 = a? + В’, 
B0 = 2a, 
C*0 = e? — 8, 


the original equations become 
0+0. А (u +w) А (u — ш) = А?0 (C?uC?w + Пи Ги’) — B*0 (Си + Du C), 
C*0. B(ut+w’) B (u — и) = B*0 (С?иС?и + D*uD*w) — АЗ (Cu Dw + Пи Ози), 
070.0 (u+w) С (и—'и') = C?uC?w — Ги Ги’, 
00. DG +w) D(u—w)- DuC — C?uD*w. 


49. It wil be observed that the four products А (и+и) А (и-и), &с., are each 
of them expressed in terms of C?u, D'u, Си, D*w. Since each of the squared functions 
Аш, Ви, Ози, Ри is a linear function of any two of them, and the like as regards 
аш, Bu’, Cw, Dw, it is clear that in each equation we can оп the right-hand 
side introduce any two at pleasure of the squared functions of и, and any two at 
pleasure of the squared functions of и. But all the forms so obtained are of course 
identical if, taking 2 the same function of и that z is of и, we introduce on the 
right-hand side г, Z instead of и, и; and the values of А(и+%). А (u—w), &., 
are found to be equal to multiples of V, Vi, М,, У;, where 


V ==—а, ще 1 ata, ox |, Уұ-|І1, г+а, г |, Уат! 1, в#+#, 22 
| І, а+4 cd 1 b+d, bd J 1 с+9, cd 
1, 5-с be 1, са, са |. 1 a+b, ab 


50. In fact, from the equations 
Аги = 9 (а- 2), Ат = 9L (a — z), 


1 


, 7 1 2 , ГА 
5691 (Cu А = Auu ), = 29/93 (Аи Ви = Ви Аи ), 


= ав (BuOw - Съм), = 
1 


ze (Азии — Пи), = MET, (B*uD*w — Ри Виш), = —— (Си — DuC), 
FAD 59% hG 
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where it will be recollected that 
#99 =aBE, —gBD=bEA, – Һ69 = AV. 
Moreover | 
(0-с) У,--| 5-ғ.5-ш”, с—2.0—а 
эш ди с-а.с-а 


› (a-d) У, = 


а-г.а-#, д—2.4—а 
a—b.a—c, d—b.d-c 


, 


(c—a)V,=—| с—2.с—а, а—г.а—2 |, (—d)V,=|b—-—z.b—2, d—«.d—« |, 
c—b.c—d, a—b.a—d ue d—c.d—a 
(a—b)V,—-—|a—z.a—a, 5-г.5-т |, (0-4) У»+| с-г.с-г, d—«.d—« |, 
а-с.а-а, b—c.b—d с-а.с-%5, 4-а.а-% 
ог as these may be written 
V,- -i(bh.b-a.b—a reg. — a.c Z), =+ вв. а-2.а-а.-Ас.4-ош.4-а), 


Ч,-- t (ef. с—2.0—2.љаћ.а—г.а—а), ам. б6-г.6-г.+ са.д-г.д-4 |, 
Ў = - I fag. а-г.а-#.+ М.б6-г.Ь-г);, =; lig. с-2.с-а/.-аһ.4-ш.4-а), 
that is, m " 
53 1 св Ж) - 189 ђе , 
in = fg Pupu + (6 One, re eme 
v.e - 1198 саса +88 panas], - (5 g BuBu + gy ири 
я b 16° 9p g (9 
12 i. bf 4 1 (fg Ж ab у 
ls - Awas + ваз), а жом, 
or finally 


V,e-l( Рави + 004), == 1, (Азии + Раи) 


1 , 7 , , 
V,--— м ( C*uC*w — AA). = (БаВи — D'uD), 
peus Д, = (- Au A + ВиВи), = X (Сиби! — Гит), 


51. Hence V, У,, Va, У, denoting these functions of z, а/ or of и, и, we have 


4 (i) A (ит) V 
В(и+и) B(u— -w= б Vs 


(5 
C(utw)C(u—w)=— У 
(ини) С(и-и) fg 
D(u--w)D(u—w)-$V. 
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The square-set и + и’, w indefinitely small: differential formule of the second order. 
52. I consider the original form 
C0 C (u + w^) € (и — ш) = Cul — Пие, 
which is of course included in the last-mentioned equations. 
Writing this in the form 


C (u + и) € (u — и) TP Пеи 
Си б“ ” 


C0 


and taking w’ indefinitely small, whence 
| C (и + и’) = Си + ш Оли + јиРО"и, Си = 00, 
C (и — w) = Си — wC'u + и? С"и, Пи жи ПО, 
C (и + w^) C (и — w^) = Си + и" (Сиб"и — (С ту), 
the equation becomes 
c (1 w^ los А (ce) |) — 090 + ^ [coco – (роу. сш 
that is, | 


сч (тј 09. (рој ры 
Cu Ou] 00 (5 Cu? 


viz we have (57 log Cu expressed in terms of the quotient-function = and conse- 
quently Cw given as an exponential the argument of which depends on the double 
integral | а | и 
ntegr и Cy 


53. То complete the result, I write the equation in the form 


Ф со 1/00\ 1 (Гоу Duy. 
log би = - x (60) “ұ(%) (1-8 а) 


A is =— МЕК, and + is = K (K — E); hence the equation is 
а Е „Пи ‚А 
log би = Ke (1 – Еа), -Ю(1-%-і seKu), 


or integrating twice, and observing that © log Cu and log Си, for 4-0, become = 0 


and log 00 respectively, we have 
log Cu = log CO + 3 (1 — x) Kee — ie | duf du K sut Ku, 
о Jo 
which is in fact 


log Ө (Ku) = log C0 + (1 - Y Ks — ie | du | ди Ко soe Ku, 
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agreeing with Jacobi's formula 
| Е 
log Ви = log 00 + + (1 - та а — e | du | du у u. 


Elliptic integrals of the third kind. 


54. We may write 
дит _ V, 


АшАз” Моћ а-г.а-г 
В(и+и) В(и-и) 1 МУ, 
Взи. Ви ~ ЗВЕРЬ 2.62’, 
Син био 1 У, 
СзиСзи! _ Cfg с-а.с-а” 
Р(и+и) Р(и-м) 1 z— 
DuDw © D ф-г.4-г 
We differentiate logarithmically in regard to и. Observing that 
POE D ouo, ete ay, 
Va —a.b—a .c—a .d —af VX’ 


suppose, the first equation gives 
“u y sak Cela E aT uy Yi 
Au ТА (и-и) А (ии) Ма da За-а 


and if Юг а moment 
V, =| 1 æ+, ғғ |, 

1, а-ға, ad 
' 1, b+o be 
18 put 

= P (a — 2) + Q (d — 2), 
then 
Q(d-a) _- Qf 


d V d 
-, log 1-2 Жы”, log (P + Q^ 


а- 


But, writing а/ =a, we have 


Q(d—a) =—Qf=| 1, а-г, аг |, 
В а +4, ad | 
that is, 
Qf — — bc (d — 2), 
or 
d У, be (d — г) 


Непсе the equation is 
A'(w) А(и-и) 4 (uw). 2 K bc a, d _ а-а 
AG) А(ш-“) ЕРІТЕТ;Е Vat (a—a) V, 
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= (a — b) (a — c) (d — 2), = —be(d — 2), 


62 
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and similarly 


о B (и) В’(и-и) В’(и-+и) _ 2Kea jy 4-х 


В (и) B(u—w) В(и+и) Vat (b — а)“, 
£e) C(u—w) С (utu) | _ 2Kab узо а-а 


CO) О(и-и) C(u+wu) Ма (c— 2) У,’ 


9 D (и) D'(u—w). D'(u +w) _ К JX 4-2 
D(w) D(u-—w) Ричи). Wt (d — 2) (2 — a) 
55. Multiply each of these equations by dw, =} Ум T VP and integrate We 
have equations such as 
2u Ао аи родена. er Cad 
А (и) А (u + w) Маб(а—2)) У,МХ 


showing how the integrals of the third kind 


(d — x) de [9 г) да (d — z) dæ (d —«)de 
ENS de VIX ua Ya. o) esa E 


depend on the theta-functions. 


If, instead, we work with the original equation 


qo бе би) | ри Dw 
Си. Cw C, C? 
we find in the same way 


C (и) С(и-и) С(и+и) а _ Феи и 
200) T O(u-w) - Out) -ga 19 (1 Pel 


-- M log (1 — k? sn? Ku sn? Kw’), 


_ ФК sn Kw en Ки dn Kw sn? Ки. 
y, 1 — 12 sn? Ки пе Ки —— ^ 
or, multiplying by du and integrating, we have 


ДА С (и) C(u—w) [зәп Kw en Kw dn Ки si? Ku. Каи 


“Ou Ati E oe 1— д sn? Ки sn? Ku е 
which is in fact Jacobi’s equation 
„99 Ө(ч-а) _ fsnacnadnasn?udu _ | 
ва +3 log Б Ө(и+а)_ 1 — 280 а во? и т ра G), 


I do not effect the operation but consider the forms first obtained, 
; ee... 
ы (ip ин Vi, &c., 


as the equivalent of Jacobi's last-mentioned equation. 
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Addition-formule. 


56. The addition-theorem for the quotient-functions is of course given by means 
of the theorem for the elliptic functions: but more elegantly by the formule relating 
to the form da+Va—«#2.b—a.c—x.d—«a obtained in my paper “On the Double 
S-Funetions" (Crelle, t. LXXXVII. (1879), рр. 74—81, [697]); viz. for the differential 
equation | 
da б. ЖА dz 
VX Түр Y У2 
to obtain the particular integral which for y -d reduces itself to z=a, we must, 
in the formule of the paper just referred to, interchange a and d: and writing for 


= 0, 


shortness a, b, с, Ф=а—а, ф—а, с-а, 4-4, and similarly а, b, c, 4=а-у, 
b—y, c— y, d — y, then when the interchange is made, the formule become 
VE -2 | 5-2 
а-2 а-2 
d—b у 
маъа c (Уай, + Майе) dca (4-9 aba,b, + (b — a) Vedeo d.) 
EMEN жа "АТ и | с” E. И 
_ Nd —ђ.4–. салым y e s (V bda,e,— Vb dac] 
Vadbe, — Мадре” ^^ Vadbe, -vadbe 
Nd - b.d— с! c (V bdea, + Vbd,ca} E xf Sr bd) уа 
~ (d — c) Vaba b, — (b — a) Vede d, ' (d — c) Vaba b, — (b — a) vede d, ' 
d—b шы, поен 
ма —b.d — с (Мода, + Мае, ү T— 9-4) V bebe, + (b — с) Мађаљ 
(а b) Vacag, — (c — a) V bdb d, ' ig (d—b)Vacac,—(c—a)Vbdbd,—’ 
| prse 
а-2 
sat ((d — b) Усаса, + (c — a) V bdbd] 
iles 1 (bc, ad) 
1:25 Ке а 98 V abe 4 | 
" Маа с, — Маја е | 
м (а — a) Vbeb c, — (b — c) Vada d } 
ПО (d—c)Vabab,—(b—a)Veded, | 
NET (ab, cd) 
= (d — b) Vaca e, — (c — a) V bdb d, ` 
62—2 
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57. In the foregoing formule, (бе, ad), (ас, bd), and (ab, cd) denote respectively 


| Il, 2 + 9, гу |, пе € + y, гу |, " 2+ у, ay ; 
1, 6+с, be 1, с+а, са 1, a+b, ab 
1 а+9, ад 1, b+d, bd 1, с +d, 68 


and substituting for 91, B, 6, D their values, and for a, b, &c, writing again «— z, 
b — г, &с., we have moreover 


Ач-Ус-5.5-4.с-Я4 (а-а) di LT Es vite) 
Bu=Vc—a.c—d.a—d (b—a), Bw = У + (b — y), 
C = NVa—b.a—d.b—d (с-«), Су=/ (ey), 
Du'=Ve—b.c—a.a—b (4-а), Та ТРЕТО (d — y), 
A(utv=V¥ ^ , __ (а-ә), 
B(urv)-2V ^. - (5-2, 
Охш ауа Тр С Ы 
D(u-v)-W с О | | (84-9, 


the constant multipliers being of course the same in the three columns respectively. 
According to what precedes, the radical of the fourth line should be taken with the 
sign —. The functions (бе, ad), &c., contained in the formule, require a transformation 
such as 
(b — c) (бе, ad)" | b—z.b—-y, с-г.с-у |, 
|^ b—a.b—d, c—a.c—d 

in order to make them separately homogeneous in the differences а- g, b—4, c — 2, 
а-г, and а-у, b— y, с-у, d — y, and therefore to make them expressible as linear 
functions of the squared functions А?и, &c., and Аз, &c., respectively: the formule then 
give the quotient-functions А (и + v) - D (и +v), &c., in terms of the quotient-functions of 
и and v respectively. 


Doubly infinite product-forms. 


58. The functions Ач, Bu, Cu, Du may be expressed each as a doubly infinite 
product. Writing for shortness 


m + (п +1) 5 = (т, п), 


т 1-4 (1 +1) = = Qm, п), 
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then the formule are 


Au = 20. um ја + с" |, 
(т, т) 

Bu- Bo. ПП hg |, 
h n) 

Cu = СО. ПП n + 248 
TN т) 


Du = D/O. «ПП 41 + a : 
(m, n) 
where in all the formule, m and п denote even integers having all values whatever, 
zero included, from — оо to + оо; only in the formula for Du, the term for which т 
and n are simultaneously = 0, is to be omitted. 


59. But a further definition in regard to the limits is required: first, we assume 
that m has the corresponding positive and negative values, and similarly that n has 
corresponding positive and negativé values*; or say, in the four formule respectively, 
we consider т, п as extending 


m from — ш to w+2, п from — v to у +2, 


” » Во зов + 2, » » -— iara 
» » “Љу. И Ха » еу, M 2, 
» » oaei И , » » me 2 Се 


where ш and у are each of them ultimately infinite. But, secondly, it is necessary 


that ш should be indefinitely larger than >x, or say that ultimately "m 0. 


60. In fact, transforming the q-series into products as in the Fundamenta Nova, 
and neglecting for the moment mere constant factors, we have 


Аи = (1 + 24 cos ти + 42) (1 + 24 cos ти + 4°)..., 
Ви = cos ўти (1 + 2q* cos ти + qt) (1 + 2ф cos ти + ф)..., 
Cu= (1-24 cos ти + g) (1 — 24? cos ти + ф)..., 


Du = sin $ ти (1 — 2ф cos ти + qt) (1 — 2ф cos ти + ф)..., 


and writing for a moment «==. and therefore @ + 43, = её" + ет, = 9 cos фта, &с., 


each of these expressions is readily converted into a singly infinite product of sines 


or cosines 
Au = II. cos $т (и + Па), 


Bu = II „cos іт (и + na), 
Си = П. sin фт (и + па), 
Du = П. sin фт (и + па), 


ж This is more than is necessary; it would be enough if the ultimate values of m were — и, w, и and м’ 
being in а ratio of equality; and the like as regards m. But it is convenient that the numbers should 
be absolutely equal. 
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where л is written to denote п+1, and п has all positive or negative even values 
(zero included) from — to + оо, or more accurately from — to v, if v is ultimately 
infinite. 


61. The sines and cosines are converted into infinite products by the ordinary 
formule, which neglecting constant factors may conveniently be written 
sin фти = П (и +m), cos ти = П (u + m), 


where zi is written to denote m + 1, and m has all positive or negative even values 
(zero included) from — oo to + о, or more accurately from — и to p, if и be ultimately 
infinite. But in applying these formule to the case of a function such as 


sin 4r (и + na), 


it is assumed that the limiting values м, — of т are indefinitely large in regard to 
и па; and therefore, since n may approach to its limiting value + v, it is necessary 


that р should be indefinitely large in comparison with v, or that um 0. 


62. It is on account of this unsymmetry as to the limits 250, =o, that 


Sls 


we have 1 as a quarter-period, = only as a quarter-quasi-period of the single theta- 


functions. 


The transformation q to г, log q log r = v. 


63. In general, if we consider the ratio of two such infinite products, where for 
the first the limits are (+m, +v) and for the second they are (Xp, +w), and 
where for convenience we take и> ш, > ту, then the quotient, say и, v] = |», и] is 


= exp. (Mw?), where 
дт dn 
ая ШІ ny 


taken over the area included between the two rectangles. We have 


(m, п) = m += 27, = т + 0 


suppose, where (v being negative) 9=-= is positive: the integral is 
[ |е. dm dn -| d 1 1 Y 
(m + 1бп)” Tis AB = + On) 


1 1 1 
= 9 [am (а 
Wet m — 10и. 

10 08 m+ dy 
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or finally between the proper limits the value is 
2 — 10 ' — dy 
Td ad шалға ра ие >”. 
= 11% (а log 6 malt ’, 


log (u — iv) = log Уи? + v? — i tan a &e., 


where the logarithms are 


and the tan^ denotes always an arc between the limits — фт, + фт. 
Ё = о, Ew d. the value is 
v v 
2 d ; "e 2m? т? 
2С<-04-0-%ті%іті)- 5, vi y е К=}—. 
Hence finally 


[u +v, =% ] +|и + v, 20] = exp. (вена). 


495 


Henee, if 


64. We have а, —logq, negative; hence taking r such that logqlogr =r, we 


have a’=logr, also negative; and г, like q, is positive and less than 1. 


We consider 


the theta-functions which depend on ғ in the same manner that the original functions 


did on q, say these are 


1 и 
В (и r)=B(0,r) HI4 T а», 


и 
С (и, г) 2C (0, r) UII | E гі 


| | б КыЛ 
D (и, r) = D'(0, деші да 


limits as before, and in particular 2 = 0; it is at once seen that if in the original 


functions, which I now call А (и, q), В(и, q), C (и, q), D(u, 4), we write = for u, we 


obtain the same infinite products which present themselves in the expressions of the 
new functions А (и, r), &c. only with a different condition as to the limits; we have 


for instance 
au 


HI bl dee да vnlt pom “ ) 
m + п — п-т-- път 
тъ 77% 
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which, interchanging m, n, and of course also p, v, is 


деди E е) 
m+tn— 
77% 


with the condition Ё=0 instead of Е =o. Hence disregarding for the moment 
v 


constant factors, and observing that а is replaced by а/, we have 
D (и, + D (=, а) = [и +», = e ] +[а +, 20) 


=ехр. ( + т и) , = exp. (1? log 9). 


65. We have equations of this form for the four functions, but with a proper 
constant multiplier in each equation: the equations, in fact, are 


A (u r) = (0, r) = А (0, Ф) exp. (hè log А (С. 4), 
В (u, т) = (B (0, r) + B (0, 9) я в (2, а), 
C (и, т) = (€ (0, г) + C (0, 9) К c (5, а), 
Dw, =D (0, + 20,9): » D$). 


It is to be observed that r is the same function of Z that q is of k. This 


would at once follow from Jacobi's equation 1009 = IE , for then logglogr-27? 
and therefore 1007 = 254 (only we are not at liberty to use the relation in question 
log g=- T): assuming it to be true, we have 
LE g у C0. 9 ка 4090209) 
2100, 0°, 40,9’ BO, q) C (0, q) ' 
pal (0, r) ‚ _ В (0, T) ‚__ 4 (0, v) D' (0, т) 
Аз (0, т)” А (0, т)” В (0, т) С (0, т)” 


ТК” TK 
= -F> log += — г. 


where, if the identity of the two values of Ё or of Ше two values of // were proved 
independently (as might doubtless be done), the required theorem, viz. that r is the 
same function of // that 9 is of k, would follow conversely: and thence the other 
equations of the system. 
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66. We have, in the Fundamenta Nova, p. 175, [Jacobi's Ges. Werke, t. 1, p. 227), 
the equation 


H (iu, k) _ Н (и, №). 
Ə, K ^ T ВИК еб. 1) 


writing here Ки instead of и the equation becomes 


Н (К, k) \ Н(Ки, К) 
~@(0, k) wi K exp. ( 9). 9 (0, %) ' 


or, what is the same thing, 


D De®) 
: D (и, г) 
700, 9) - у рери со 4) 


which can be readily identified with the foregoing equation between р(ш, 4) апа 


О (и, т). But the real meaning of the transformation is best seen by means of the 
double-product formule. 


THIRD PART.—THE DOUBLE THETA-FUNCTIONS. 
Notations, &c. 


67. We have here 16 functions > (5 MIC v): this notation by characteristics, 


containing each of them four numbers, is too cumbrous for ordinary use, and I 
therefore replace it by the current-number notation, in which the characteristics are 
denoted by the series of numbers 0, 1, 2,..., 15: we cannot in place of this introduce 
the single-and-double-letter notation A, B,..., AB, &c. for there is not here any cor- 
respondence of the two notations, nor is there anything in the definition of the 
functions which in anywise suggests the single-and-double-letter notation: this first 
presents itself in connexion with the relations between the functions given by the 
product-theorem: and as the product-theorem is based upon the notation by charact- 
eristics, it is proper to present the theorem in this notation, or in the equivalent 
current-number notation: and then to show how by the relations thus obtained 
between the functions we are led to the single-and-double-letter notation. 


68. There are some other notations which may be referred to: and for showing 
the correspondence between them I annex the following table :— 
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Asterisk 
denotes the 


odd functions. 


Current 
number. 


12 


13 


15 


ТНЕ DOUBLE THETA-FUNCTIONS. 


Character. | double-letter, 


8. | 4. 5 
А | 
Single-and- Pen Gopel- 
| Gópel. Сат! 
Cayley. WIRD 
BD | p" IA 
CE AR" P 


B E B" КА 
AC p tue 
с Do 
AB q 0, 
B ІІ 8 
BC E LG 
DE керер 
Ғ iQ" Qs 
A I E 
AD P Wu 
D iR R 
E iQ Q 
AE $c E 
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Rosenhain. 


Jaz 


21 


01 
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Weier- 
strass, 


01 


12 


——— | |-----------|------ 


14 
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Kummer. 


16 


14 


11 


13 


15 
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69. These are the notations :— 

1. By current-numbers. It may be remarked that the series was taken 0, 1,..., 15, 
instead of 1, 2,..., 16, in order that 0 might correspond to the characteristic M 
2. By characteristics ; 

3. By single-and-double letters; 

4. Сбре!в, in his paper above referred to, and 

5. 'The same as used in my paper above referred to; 
6. Rosenhain's, in his paper above referred to; 


7. Weierstrass’, as quoted by. Königsberger in his paper “Ueber die Transfor- 
mation der Abelschen Functionen erster Ordnung," Crelle-Borchardt, t. тгхту. (1865), 
p. 17, and by Borchardt in his paper above referred to; 


8. Not a theta-notation, but the series of current-numbers used in Kummer's 
Memoir “Ueber die algebraischen Strahlen-systeme," Berl. Abh. 1866, for the nodes 
of his 16-nodal quartie surface, and connected with the double theta-functions in my 
paper above referred to. 


But in the present memoir only the first three columns of the table need be 
attended to. 


70. It will be convenient to introduce here some other remarks as to notation, «ос. 


The letter c is used in connexion with the zero values 4-20, v=0 of the 


arguments, viz.:— 
9%, У, А 35, ЕЙ 9%; У», E За, 9 


are even functions, and the corresponding zero-functions are denoted by 
Со, Сі, Са» ба, Cy, Ов, Са, Co, Cro, Cis: 
there are thus 10 constants c. 


When (w, v) are indefinitely small each of these functions is of course equal to 
its zero-value plus a quadric term in (и, v), and we may write in general 


Уас+ 4 (6^, с", сўи, vy: 
there are thus 30 constants с”, с“, с“. 


The remaining functions 
ЕД У, S; Уп, Зи, Зи 
“аге odd functions vanishing for и- 0, 9-0; when these arguments are indefinitely 
small, we may write in general 
S = (с, с Ци, v): 
there are thus 12 constants с, c". 
63—2 
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71. All these constants are in the first instance given as transcendental functions 
of the parameters, or say rather of exp. а, exp. h, exp. b, which exponentials cor- 
respond to the q of the single theory: viz, in а notation which will be readily 
understood, the constants с, с“, с“, с“ of the even functions are 


X exp. us ој 


Š 
– 1792 (m + ay, 2 (m + а) (n + В), (n + 8), exp. E ү а, n 8) 


and the constants с, c" of the odd functions аге 


$ 


Joi (m +a), (n + В), exp. |" : neo | "| и 


72. It is convenient for the verification of results and otherwise, to have the 
values of the functions, belonging to small values of exp. (-а), exp.(—0); if to 
avoid fractional exponents we regard these and exp. (— h) as fourth powers, and write 


exp. (— а) = Q*, exp. (— h) = Е, exp. (— b) = 8*, 
ОВ = Л, QR^S = Л’, and therefore AA’ = 0282, 


also 


then attending only to the lowest powers of Q, S we find without difficulty 


% (и) 1, and therefore also c, = 1, 

S =  2Qcosiru, а ‘= 20; 

Er =  28coslmv, €, = 25, 

У = 24 совјт (и +) + 2A’ cos т (и — v), с =2A+2A’, 
E =, 1, б ml, 

$, --20віһ dru, 

ч = 25 cos4m, i= BB. 

У =—2Asin$r(u+v)-2A' sin фт (и — v), 

+ ае © eg" 1, 

$ = 20совіти, о = 20, 

Әң =— 2 sin то, 

Әп ж-2Авшфт(и+о) --2A' sin фт (u — v), 

Фа а 1, съ = 1, 

Эз =-— 20 вір $ ли, 

За =- 29 sin 4 то, 

3; --?А соз 17 (и + v) + 2A” cos т (и — v), св = = 21 + 21'. 
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73. Тһе expansions might be carried further; we have for instance 


Š (и) = 1 + 2Q* cos ти + 28: cos то, С = 1 + 2( + 28*, 
Sau и S ос АВ »к» e, =1— 20 + 28, 
4 =1+590 5 -29 , , €, = 1 + 2@* — 284, 
За чі-%90-, -—998 5 , , сы = 1 — 2Q* — 25%, 
S. = 20 cos $ ти + 2Q? cos пи + 2А cos } т (и + 2v) + 24' cos $ т (и — 20), 
а =20 + 20 + 24 +24’, 
% = -20зшфти + 20 sin Зти — 2А sin фт (и + 2v) — 2A’ sin $r (и — 2v), 
E^ = 20 cos $ ти + 24) cos пи — 2A cos dr (и + 2v) — 2A’ cos $ т (и — 2v), 


с =20+20 — 24 — 24”, 


Ms = -20зшфти + 2Q sin Зти + ЗА sin $r (и + 2v) + 24' sin Jor (и — 2v), 
in which last formule 
A= ors, =. 7-08-85 = e | 


74. In the single-and-double-letter notation we have six letters А, В, C, D, E, Е; 
and the duads AB, AC,..., DE are used as abbreviations for the double triads АВР, 
CDE, «с, the letter F always accompanying the expressed duad; there are thus in 
all six single-letter symbols, and 10 double-letter symbols, in all 16 symbols, cor- 
responding to the double-theta functions, as already mentioned in the order 


Eu Rc cda в 9 ы ARI M. в ин Ag. 15 
BD, OE, OD, ВЕ A0, 6, AB, B, BO, DE, У. Ау AD, D, E, AE, 


where observe that the single letters C, B, F, A, D, E correspond to the odd functions 
5, 7, 10, 11, 13, 14 respectively. 


75. The ground of the notation is as follows :— 


The algebraical relations between the double theta-functions are such that, intro- 
ducing six constant quantities а, b, c, d, e, f and two variable quantities а, y, it 
is allowable to express the 16 functions as proportional to given functions of these 
quantities (а, b, c, d, e, f; г, y); viz. there are six functions the notations of which 
depend on the single letters a, b, c, d, e, f respectively, and 10 functions the notations 
of which depend on the pairs ab, ac, ad, ae, бе, bd, be, cd, ce, de respectively: each of 
the 16 functions is, in fact, proportional to the product of two factors, viz. a constant 
factor depending only on (а, b, с, d, e, f), and a variable factor containing also z 
and y. Attending in the first instance to the variable factors, and writing for 
shortness 

а-г, ђ—а, с-2, ф-г, е-г, f—w=a, b, c,d, e, f; #-у=б; 


a—y, b—y, c-y, d- у, е-у, f—y=a, b, с, d; е, f; 
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these are of the forms 


Ма = Уза, Vab= 5 Wablede, + Уа fede]. 


d 45074 


I remark that to avoid ambiguity the squares of these expressions are throughout 
written as (Ма) and (Маб) respectively. 


76. There is, for the constant factors, a like single-and-double-letter notation which 
will be mentioned presently; but in the first instance I use for the even functions 
the before-mentioned 10 letters c, and for the odd ones six letters k. I assume 
that the values а, у= оо, oo (ratio not determined) correspond to the values u= 0, 
v=0 of the arguments; and that о is a function of (г, y) which, when (a, y) are 
interchanged, changes only its sign, and which for indefinitely large values of (г, y) 


becomes wr Me ДИЗ being so, we write (adding a second column which will be 

afterwards explained) 
3 + = 
0 = BD = ec, Уба, о = x Уба, 
1= СЕ = „о V се, с = , V се, 
2= 00 = „о Ved, о, = „У cd, 
8= ВЕ = „с vbe, с, = „V be, 
4 = АС = „о, Мас, с = „Мас, 
5-2 С =,k Ме, = „Мо, 
6= АВ + „64 V ab, Cs = „Уа, 
7= В =,k, Vb, ky . „МБ, 
8 = ВО = „о ММ, e, = „ V be, 
92DE-,0, У de, с =, V de, 
102 F = ЊУ; ky -.У2 
1= А = „Ма, ш =, 
12= 4р = „с, Vad, са = „ай, 
13- D = „кама, kh, => Уа, 
14= E = име, ky =, Ve, 
15 = AE = „о, V ae, са = „Мав; 


. ir А — 3 
viz. here, on writing æ, у= оо, оо, each of the functions Vbd, &c. becomes = 2 e» 


and each of the functions Ма, &с. becomes = w; hence by reason of the assumed 
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form of в, the odd functions each vanish (their evanescent values being proportional 
to ks, ky, kyo, ба, kis, Ка respectively), while the even functions become equal to o, сі, 
Ca, ©з, б, Св, Св, бу, Cis, Съ respectively. 


Observe further that on interchanging z, y, the even functions remain unaltered, 
while the odd functions change their sign; that is, the interchange of г, y corresponds 
to the change и, v into — и, — v. 


77. As to the values of the 10 св and the six k’s in terms of а, b, c, d, e, f, 


these are proportional to fourth roots, У а, &c., У ab, &c.; in У а, а is in the first 
instance regarded as standing for the pentad bcdef, and then this is used to denote 
a product of differences be.bd.be.bf.cd.ce.cf.de.df.ef; similarly ab is in the first 
instance regarded as standing for the double triad abf.cde, and then each of these 
triads is used to denote a product of differences, ab.af.bf and cd.ce.de respectively. 
The order of the letters is always the alphabetical one, viz. the single letters and 
duads denote pentads and double triads, thus: 


а = bcdef, ab = abf . cde, 
b — acdef, ас = acf .bde, 
c — abdef, ad = adf . bce, 
d — abcef, ae = aef . bed, 
e — übcdf, bc — bof .ade, 
f = abcde, bd = bdf . ace, 
be = bef . acd, 
са = cdf . abe, 
ce — cef . abd, 
de = def . abc. 


There is no fear of ambiguity in writing (and we accordingly write) the squares of 
Va and Vab as Va and Маб respectively; the fourth powers are written (Va)? 
and (У ab); the double stroke of the radical symbol У ва every case perfectly 
distinctive. 

This being so we have as above аА bd, &c., h = X V c, &c.: it is, however, 
important to notice that the fourth roots in question do not denote positive values, 
but they are fourth roots each taken with its proper sign (+, — +ь -%, as the 
case may be) so as to satisfy the identical relations which exist between the sixteen 
constants; and it is not easy to determine the signs. 


The variables z, ; are connected with w, v by the differential relations 


с ди + Tdv = 3 177 "7L 
dr yd 

Pee 5-44. — уй), 
= du + p du 5 р 
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J де ви аи ж St 


where X = abcdef, Y = 
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which equations contain the constants т, p, c, т, the 


values of which will be afterwards connected with the other constants. 


78. The cs are expressed as functions of four 


quantities a, 8, у, 6, and connected 


with each other, and with the constants a, b, c, d, e, f, by the formule 


ЕЕ И N 
1=2(а8+ у) = „Ус, 
9 2 (ey+ 88) -, Мой, 
3-2(а8+8,) = „ У, 
4-а- ry ë= „ Мас, 
6=2(ау- 88) =, Уа, 
8= + 8: у ë= „ МЫ, 
9=2(а8—у$) = „ Vde, 
12 = 62 — > ү —0= , У ad, 
15—2(a8—8y) =, Vae. 
It hence appears that we can form an arrangement 
С, 05, с? | + со = G, b, c |, 
с, -ой, cj - PE PE d 
ой, — Ср, — с qu. Фұғай 


a system of coefficients in the transformation between two sets of rectangular 


coordinates, 


We have, between the squares of these coefficients of transformation, a system of 


6+9 equations 
а +b +e =1, 


a? +b? + 0“ =1, 
a”? +6 c = 1, 
а +a? +а*=1, 
b +b? +) 1, 
C +o +с”1, 
b +e =a +a 9+6 = а? + as, 
сак? +b", са? + 0, 


а + 69 - «09, аза =o" +e, 


b + е? = а? + а“, 
с + алаш b° + е, 
а”? + b^? = с? + с: 
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that is, 


and we have, between their products, a system of 6+9 equations 
аа + bb" + се" = 0, 
аа + b"b +сс =0, 
aa’ +b) +cc’ =0, 
be bc + 670" = 0, 
са +са + са" =0, 
ab +аљђ +а = 0, 
а, b, с = 7"е—б/е, саса, аУ-а”, 
ге каб” 010 Zh c'a — са", ab” —a"b, 


a", Ы, с“ be —бс, са —ca, ab’ —ab: 
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that is, 
c eie e e е -|-0: 
ЕК 3 ВИ eee 
ДЕ БЕЛЕСІ алашта А. 
19.009 ЕР АҚСА БЕТТ 
1 фр ae eo ЕГІЛЕ 
6 de а "ES SM АЩ 
19 ара АДЕ 
"e WES [ UN. TUS 
op y APU. Yer E 
«018 Ayr 9.15 "UT ЖТ. 
Па. 9.] 418 ки MEME 
ьо а Ро ae и ur 
- doi MR MINI 
cou 8. bau CDM аи EB 
0 м CL Ж 
. EN LC P LEES SK 


each of the first set of 15 giving a homogeneous linear relation between four terms 
cí; and each of the second set giving a homogeneous linear relation between three 
terms c?.c?, formed with the 10 constants c. Thus the first equation is 


бы + 6 + се — су = 0; 
and so for the other lines of the two diagrams. 


79. I form in the two notations the following tables:— 


TABLE OF THE 16 KUMMER HEXADS. 


С by ba 
Seok ETRAS 
у b; Бо КЬ 


lll T Arl а ја ee Е a S ЛАРА АВА А d 
"| 8.138: [ла |10 | 5 м 1 19 T а о ТТ 
6 рам | mde плот има cs EUN а таван TIBUS 
отго авта 3394 Маги ig es и 
1 | 313 уз јла |1 15 јла | 0 |15 |12 | 2 | 4 | 2) 1 и 
9 9 Li13 ll Го ов i SL. X ТИ CINE 
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6'Е1 @ TI 9°¢ 


“FI 9761 971 $ 

€L | 617; 4172 0761 | 6174 9174 SU SL | СІССІ 074 676 sS €I 1`61 
8 Я 
9 


g G II ІСІП G II ) 9 6574 14 672 674 
ЕП | St и 6'01 II 68701 с” 01 П $ Ol 0701 8701 972 9701 | спот | "701 9701 
8761 ват Ге 0741 66 6'I с ат 670 676 Ге се 6 СТ ч! | | 691 
07 € 6870 € €I 678 078 1761 18 578 сто 170 ІС? 57 | ват има! 
с9 19 GIGI 6'9 cl’? GI T 67% 98179 2179 7 9 678 6879 079 | 879 87 
01771 | 01761 | TU 61 | Оте FI `S 681764 0172 РГ"; 68172 472 OL IE Tq YE Ша И | ет Lil 


за а | 4474 ау 9140 "| я а | aV'A 44 | ОҒСА | OV'A| QF; E AV'A | OT'A| OH я | аа я аоя 
402702 | 4а270 py S | адға | ага | яғ-ғя | ая а | а" О | яғ”2 | яка ага | ая`о | я9`0 | яя а | яда 
4u # | #4 4 | ОЯСУ | 0424 | T'Y | ЯЯ У | 09470 GOV | я0 `7 | Яа Р | О 0 |4974 | Я0 я | яа`я | Я470 
AV | ар | 4 а74 © Ж. Я0 4194074 UV у | 4H Л 494 | 094 | HV Я | HV а | аа Ova ага 


ОЯ `ау |29 ят яд 90 Gd AV яа” ат-ат waa ва ao “Яо до HV яа CH яа 4H HO HH 40 AI ла ау |та ^ WV Яд AV 414 HV 
qq OV| яд OV 44 ач я ат |44704 ая 724 ядат яд: Od а2`09 40 #4 10 `а9 #0 OV 40 ov до ат ая ат 
до av Яо ЯУ ZV'dV|4d ЧУ Яғ” (umo ОУ |За OV ЯТ" ЯР qV'UV OV'gV яд Og яд IV аЯ ЯҒ | OW IV 09 OV 
ЖЯ тда таа 472 а сә | во | o JU qa q'a | 0'4 A s Я 7 ge Юи gv 


'sulvd 061 AHL AO WTHV[ ‘OS 


64—2 
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81. TABLE OF THE 60 GOPEL TETRADS. 


‚Де i | 


A.B.AE.BE C.D.CE.DE E.F.AB.CD AC.BD.AD.BC 
A,2.4D. BD C.E.CD.DE D.F.AB.CE AC.BE.AE.BC 
А.В.АС. ВС C.F.AB.DE D.E.CD.CE AD.BE.AE.BD 
A.C.AE.CE B.D.BE.DE E.F.AC.BD AB.CD.AD.BC 
A.C.AD.CD B.E.BD.DE D.F.AC.BE AB.CE.AE.BC 

ат тт АВ. ВЕ B.F.AC.DE D.E.BD.BE AD.CE.AE.CD 
A.D.AE.DE B.C.BE.CE E.F.AD.BC AB.CD.AC.BD 
A.D.AC.CD B.E.BC.CE C.F.AD.BE AB.DE.AE.BD 
A.D.AB. BD B.F.AD.CE C.E.CD.DE AC.DE.AE.CD 
A.E.AD.DE B.C.BD.CD D.F.AE.BC AB.CE.AC.BE 
А.Е.АС.СЕ B.D.BC.CD C.F.AE.BD AB.DE.AD.BE 
A.E.AB.BE B.F.AE.CD C.D.BC.BD AC.DE.AD.CE 
Ay PBC. DE B.C.AB.AC D.E.AD.AE BD.CE.BE.CD 
A.F.BD.CE B.D.AB.AD C.E.AC.AE BC .DE.BE.CD 
йт НЕЁ бїр B.E.AB.AE C.D.AC.AD BC .DE.BD.CE 

= || db ДЗ b За 1 9 CAN DE UM $ № 198 
Hr 27 440 E — 3 15: ЖЕГИР! =. Э 15 8 
Bs HE. X 4 5 10. в 9 114 #1 (Б ШЕ. РК. 

i La ASS, COT 1188 АИК, UL ür 3 28 
LL: - D Фа "2 14 0 9 iS 0 а-5 6 15 8 
К. ЛИ. СВ 7 10" 41 8 13. 12 TO 28 затъва 1 а 
Hd 1571559 В И ж ар. 14 10 12 8 Д 0 
14-19. 4752 то 85 1 b 18.32. 9 ща Ng 5*0 
lp 19, 0/90 y; Og] S ТА" IE us Фа 8$ 572 
11 14 12 9 Бы ngu та 15 107: 15:76 a. 2 4 3 

| Hid ж эу. PS. B. 2 & 10 Ib 6 12-59 
іл виа T: Wk МЕЗ D 297 о они | NE Е 

| LE MUT 57 "AV Lim ча 13 14 12 15 mul a 2 
Жш саће Ра та DIS 5 14 4 15 5. м a. 2 
МИК ДЕЕ т. ЈЕ 6710 9. 14 ага 3; 9 Ы 11 
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5- р )+ 7 (ди), 


? 


, 


(a — а) + p, 1(8- 
TERN, 


(2u).0 È 


Š + ó 
ument is exhibited, viz. u +w, ш — и, ди, ди” are written in place 


#(8+8)+4 
q). For the development of the results it was found 


m of four terms, corresponding to the values (0, 0), 
convenient to use the following auxiliary diagram. 


Upper half of characteristic. 


? 


The product-theorem, and. its results. 


, 


'; y—v), (Фи, 2v), (2w, 2v) respectively. The expression on the 


(a+ à) + p, 
ty + yy 


xo? 


A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS, 


82. The product-theorem was 
where only one arg 
of (ии, v +W), (и-и 
right-hand side is always a su 
(1, 0), (0, 1), and (1, 1) of (p, 


704] 


| 


| 1+ (9-9) + | -4 =— са сіз 


| I*(»-»)f 
АҒАР ал аа mmm 


I + (2 + г) $ тч оја = ca 


1 


та — cn 


(»— ») $ 
1+(9+9)# | 


(2+5) | o - e nin 


(9-9) # | 


0 
j 
0 
i 
5 
z 
0 
3 
7 
0 


евра тър. ак асыр 
| 


1 
1 
3 
2 
3 
z 


1 
š 
1 
2 
i 
1 
i 
1 


1+ (>) | 
: (g +g) 1 Ф о чч ч 


I + (2+ x) $ = са = cmn 


0 
0 
3 
i 
0 
0 
i 
| 1 
z 
3 
2 
3 
z 
0 
0 
3 
z 


(е) за ww Slo tien en kara eri че 
(»—»£$| с — < — | ез © ез © | © но - | s 
| (g +g) % © © = — | Ф © — — | ч чыз тч = MA — 
. (p+ ъ) š © — © ~ AE E аи = = 
9 а oes А POBRE қағы Жағы 
0 <- 65 OQ oO е-і — = ~ Ne а 
g S G omo | m mom © = ии qu 
ы има Ра ёр ж ө жесе |o 
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Lower half of characteristic. 


| | | ML 

ШЕ tafe! ve m sd m 
~ © ~ го ~ со ~ A | >< ~ е | +» ВАКА [one M ES 
поло | о olo 0] o Оооо 20] о отето © тр 
11-010: oti bl. тор, в 
о 110 010, 1]. о о је О Eso фес RUD ge ТА 
1.110450] 32 еј а abae Evo ibas dob dU ER. uoa 
o olr olioli 7 0 |-1 Q Нойман ната Е ао 
10 го | 3 010 Фра РЕЙ 0/20 0 0 
отл ола ЗОО е ода НИТ 
|1 ұр офа лије » 3494 2 и 6v са 
|0010 1150: 11-0 1456 Jd Dod EM о 
1.010 тај] по тј ин ов E 
0:119 110.2|- 0.04.9 #4: о ео 
Dae ad Е 0/12 i eee E ee МО 
0.0 |1 1| 1 | тр Ее 
1:0 [1 та 1] 02102, елер о toad p 
от ат |е о 2222 
tr gi a con were: оза о 0|921 0 о 2 2 9 9 


83. The upper characters of the ©’s have thus the values 0, 1, 1, 2; the lower 
characters are originally 2, 1, 0, or —1, and these have when necessary to be, by 
the addition or subtraction of 2, reduced to 0 or 1; the effect of this change is 
either to leave the © unaltered, or to multiply it by —1 or +“; as follows: 


0 0 i ‘as i ‘at 
e = = = — 
М N. ah HIT ӨЗ, ӨЗ g--187, 
1 1 š Q? i i 
yt2 у’ у+2 is Ра mi 


where only the firs& column of characters is shown, but the same rule applies to the 
second column; and where we must of course combine the multipliers corresponding 
to the first and second columns respectively: for instance 


ы (2.55 УН š 
А авари РУТ реа 
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Thus taking the tenth line of the upper half, and the fifth line of the lower half, 
we have 


BED: | ee ee Ss та 1313 


КТГ Төл в от | 1 0-1-0 


giving the value of 


0 дава с" 
3 MUS o 70: 


о ~ 


viz. this is 


Т) ө! 2 (2.6 НИЕДЕ ie? (м). ө? 3 (ay) 
+91 (о 13(,) – 1 1(„»е! 66) 
+0? је 136,5 +104 (ево) 
+91 (ре li, -өР 4 ,).0 С, 


where the first column is the value given directly by the diagram: it is then reduced 
to that given by the second column. 


84. But instead of the ӨЗ, we introduce single letters (X, Y, Z, W), (Е, Е, G, H), 
(Т, J, K, Г), (M, У, P, Q), with the suffixes (0, 1, 2, 3), in all 64 symbols, thus 


@00 10 о H(»)- X Y Z W 


00 | ки 
10 1 
01 | 9 | 
11. 3| 
that is, 
Ө п (2и) = = X, өг "ат &c., 
m қ 
919 (2%) =Х.,... 
Ө юю 41 30 §1 (ёи) = EF G H 
ON). = е „ША 
10 1 
01 2 
11 8! 
that 1s, 


e 20 (зи) = E, ке, 


www.rcin.org.pl 


512 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS, 


e0j 11 оф uQ)- I J KL 


00 | 0 
10 1 
ЧЕ! у 
11 | 3 


The functions of (2w) are denoted in like manner by accented letters 
00. „. ~ 
Ө 00 (2w^) =X’, &e., 


өн фи HQu= M N P Q 


00 0 
10 1 
01 2 
" ' 


[704 


85. То simplify the expression of the results, instead of in each сазе writing 


down the suffixes, I have indicated them by means of the column headed * Suff." 


Thus 


Suff. 


8—0 SOT +u Su cw eR А FI «ER RN DE 
01 00 


means that the equation is to be read 
— Р 45 f Б Т.Е, + Z4. E W,W,. 


It is hardly necessary to mention that the |3 —0| of the left-hand column shows 
the current numbers of the theta-functions; viz. the left-hand side of the equation is 


S (и + w). (и- w^. 


And by a preceding remark the single arguments w--w' and u—w are written in 


place of (ии, v + v^) and (u— w, v — v) respectively. 
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Suffixes. 


m >. 

0-0 "CEP 90 uu = XX +YY «ZZ + ТИ" 0 
00 00 " 

4-0 n > = ХХ «YY «ZZ + 1 
00 00 | i 

8-0 A бі = XX УГ’ «ZZ + ТП 2 
00 00 | i ү 

12—0 T 00 = а Xy ЖЕ "А W.W. 3 

0-4 ОЮ а hia axe Yr эЛ 1 
00 10 
00 00 | ‚ 

"n ү Е = XX -YY «ZZ сур 0 
00 00 | 

8-4 2 Р = xx -YY «ZZ -WW 3 

19-4 00 09 = xx -YY 427 -WW 2 
11 10 

0-8 0 dud unu - КУУУ - 22: - тИ 9 
00 01 
00 00 | | 

4-8 | d = ХХ +YY -ZZ -WW 3 
00 00 Ë 

8-6, 74 b. - ХХ +YY -ZZ -WW 0 
00 00 + (4 

12-8 " a = ХХ «.YY -ZZ -WW 1 

E а Va cur vr ЕТ 3 
00 T | 
00 00 

w _yy - W 

kis С и ХХ -YY -ZZ +W 2 

“7% 00 = xx -YY -ZZ «WW 1 
01 T 

п-в. У 00 = ХХ -YY -ZZ «WW 0 
T T 

A x. 65 
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514 


First set, 64 equations (continued). 


ии =) YX’ 


|| 
| 
ма 
~ 


е 
| 
53 
| 
hd 
P1 


zb 


= e E" 


е 
| 
= 
| 
ма 
ы 


+ ХУ 


+ ХУ’ 


+ ХУ’ 


+ ХУ’ 


-XY' 


+ ХУ’ 


-XY' 


+ ХР" 


у" 


Род 


KAY- 


+ ХУ’ 


-XY' 


+ ХУ’ 


-XY' 


+ Ху 


A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


[704 


Suffixes. 
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First set, 64 equations (continued). 


Suffixes. 


01 Р 01 4 i 7 ë 
2—9 300" 7 " 3 00“ “ Е У 0 
01 01 „+ , f + 
5.9 10 00 = ZX +. І + ХЕ: + YW 1 
01 01 
les es d ry , 7w’ 9 
= 9 01 00 = ША, + Wi + ХЕ + УК 2 
01 01 E , , 
e T 00 = 2Х + WI + ХЕ + УР 3 
01 01 
Cot D P3 , = W , , "3 , sf 
2—6 3 00“ +“ 319" “ ZX' ТІРЕ yw 
01 01 > » 1 J 
6-6 10 10 =- "ДА = 2: dom “ҒИ” 0 
01 01 
— = di i. , , E , 3 
10 — B 01 10 ZX м атта» с YW 
Ol 01 
Sex = (4 К , , 22 , 9 
14-6 T 10 ZX ИТ. + ХИ Yw 
01 3 01 б ; А че, , 
2 — 10 $09" 7 9014-“ = БА ПЕРУ 9 
01 01 с ‚ Ў , 
6-10 10 01 ЕАС Иа LIN 3 
01 01 
d == та. > А 4 W' 0 
10 — 10 01 01 ZX Wi "$ KS Y 
01 01 , Ў 
= == mx А XZ W 1 
14-10 T 01 ZX WY' 4 У 
01 01 , , , , , 
9-14 бағар, 9 eee Ял -- ЯТ" ХЕ. + ҮШ 3 
00 11 
01 01 y , у 
ы = ты „ЖУ yw 2 
6—14 10 T ox WY + 
B uw 01 Яж +WY' + ХЕ -YW 1 
01 11 
| ама 0) иж «ти «XZ ¿pw 0 
11 VE 
| 65—2 
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516 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


First set, 64 equations (concluded). 


3-3 Зичи. oo waa! = РХ +ZY' 4YZ 
7-3 9 "s = WX +ZY’ «YZ 
11-3 x d = РХ +27' «YZ 
15-3 a s = WX €ZY + YZ 
3-7 Зичи. рии = WX’ —-ZY «YZ 
йт АН, --WX' +27 — Уд’ 
1-7 а а = РХ -ZY + ЖЕ 
Bro wy м --WY «ZY -YZ 
3-11 Juru 9 Пиш = РА” +ZY' —YZ 
rd k 5 = УХ 4ZY -YZ 
МН еч > --WX' —ZY + ҮР 
15-1 " i --Wr -ZY +7’ 
3-15 30 u4w.31)u-w = ИХ -ZY' ie 
7-15 и M --WXx +ZY' +12’ 
11-215 "| 1А LL Wx’ + г. ы ҮР 
15 —15 n Я = УХ —ZY -YZ 


www.rcin.org.pl 


+ ХИ” 
+ XW’ 
AW: 


+ ХИ’ 


—XW' 
+ ХІ” 
АН” 


+ ХИ’ 


- AW 
- XW’ 
+ ХІ” 


жағ 


+ ХІ” 
— XW 
—XW' 


+ ХИ’ 


[704 


Suffixes. 


704] А MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 517 


87.. Second set, 64 equations. 


Suffixes. 


1-0 маите. 9 w-w - EE + GE + FF + НИ" 


° 


+ НИ" 


www.rcin.org.pl 


518 


Second set, 64 equations (continued). 


0-1 Qo vl 940 ай zm ЖС 
iod sc dies st 
ani out Зоро д 
"C" uoc 
0-5 шаг 919, ай = айде" 
4-5 i т? = 4EG' 
946. Wie > = «ве 
12-5 H z = EG 
0-9 бива 9 0-а =" EG 
"e 
шити 
Wq Ч, ча Pis аш 
0–13 CRI 919 u—w = 4EG' 
4—13 Hi 4 = “ЕС 
acis i X = iEG' 
ра 718. МИ га - ше 


+ GE’ 


+ СЕ 


+ СЕ 


+ GE’ 


— Е’ 


-зеЕ 


-iGE 


— Е 


+ СЕ 


+ Е 


+ GE 


+ СЕ 


-чев 


-зеЕ 


-зек" 


-iGE 


+ И! 
+ ПЕ’ 
+ ЕН" 


+ FH’ 


+ ЕН" 
+ ЕН" 
+ ЕН" 


+ ЕН" 


- ЕН" 
- ЕН" 
- ЕН" 


- ЕН 


-4ЕН" 
-ЗЕН" 
-iFH' 


-ЗЕН" 


А MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


+ ДИ" 


+ НЕ 


+ НЕ 


+ НГ 


—iHF’ 


-iHF' 


-іНР' 


—iHF’ 


- HF 


- НЕ 


- НЕ 


- НЕ 


+ НЕ" 


+ НЕ" 


+ НР 


+ НЕ" 


[704 


Suffixes. 


0 


bo 


bo 
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Second set, 64 equations (continued). 


3-23 Qo ew. Sola = 
Qe P 6g 
За а 
"i "os 
3-6 jot tw S u" 
(eb %% ag 
ае ли 
ш-4 о 
3-10 "CEP. 30 u-u 
кр Ур SATU 
bcp ons 
scd на 
3—14 TED 90 uu 
rie db sd 
E а 
m 


| 
Š 


T 
кы 
ts 


| 
| 

= 
e: 


|| 
Š 


E- 
š 


| 
š 

с 
ы; 


+ Не" 


+ HG 


- не 


- не 


+ НЕ" 


-зне 


-е 


+зне" 
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| Suffixes. | 
+ GH’ | 0 
+ GH' 1 
+ GH' 2 
+ GH' 3 
+61’ 1 
—iGJI" 0 
мен 3 
-iG H' 2 
- ен 2 
- ӨН” 3 
+ СИ’ 0 
+ GH’ 1 
– iG H' 3 
+iGH' 2 
мен" 1 
—iG H' 0 


520 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704 


Second set, 64 equations (concluded). 


Suflixes. 
2.8 а ни, s uuu. m EE ОЛЫ y la 0 
$ 00“+“:900"-* = + + + 

01 11 | ) 

6-3 lo E элү, + НЕ ри + er 1 
01 11 у | 

10—3 ки d = F@ + НЕ кЕН + OF 2 
01 11 : я 4 | 

14-3 Wu о сом и + mm be 3 
ито, АДЕ ы quU An | 

и жи Фо ща = НП ПН 1 
00 10 

A NAE p = «ве -iHE ЕН’ зет | 0 
01 11 M. АНА / КОЛЫ y ДА: 

10—7 s 1 = (РО НЕ АН ~ier 3 
01 11 PR NE ава S 

14-7 n 1. = 4FQ. IHE ЕН —iGF 2 
Gr. oq 

o-à yo ¿qos wed mde мани ББ 2 
00 01 
01 11 : : ; | 

вала M us PONI НЕ ЕҤ Jer 3 
01 11 | ; } | 

фи E мате LG AJ" + БР 0 
01 11 : | 

ис um Я =o FQ’ — НЕ + EH + GF 1 
ui td ei E DR SC LUN 

2— 15 9 00+“ 9 11“ *“ = Ка ӘНЕ” ашы; AGE 3 
01 l SO SL: uka А ОА 

gp e я - Ре НЕ ARR ОР 2 

10-15 ‘wet 11 -.4FG 44HE МЕН О” 1 
01 11 

14 — 15 ia " SrO НЕ БН Зе. 0 
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88. Third set, 64 equations. 


Suffixes. 
2-0 gufu 2D uiu = ЈГ + ММ" + КК + LL 0 
6-0 + % ad АМР Ора. p 1 
ю-Ф ^ Ен ЗА uu ке sp 2 
14-0 $ PA Su FP ОКЕ + WD 3 
2-4 901, uS uw VN; MER; ATE] te 1 
4-4 L T AGE са жк" 2p 0 
ed oc er Ju Hus а oap 3 
14-4 е их «ur gr xe lp 2 
2-8 Зичи эб u-w =-ЫГ -ЫЛ +АКК +1 2 
6-8 M S etu. -UJ ШЕТ? dE 3 
10-8 ы + eur wir ЕК": а 0 
oe аа +: И o qe gue m 1 
2-12 Зичи. 9 0ши =-ЫГ «JI +iKK' 4L 3 
6-12 ы л ШЫ? ЧИК LO 2 
yf dm 5 AUN LUE ux „ш 1 
НІ s ta 09 ПРИ CAE" ки 0 

11 11 | 
& № Зея 66 
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Third set, 64 equations (continued). 


Suffixes. 
8-1 Cine А в” Фж РР ЕР LK' KL' 0 
- 00“ +“ 00“-“ = + + - 

11 10 : Г А 

7-51 10 00 mot ӘМ” ы.” XL 1 
11 10 : 6 ; р 

112-1 01 00 = ДР ҰЛТ” o LE E 2 
11 10 Е а у А 

15—1 T 00 hus JI ЖАР ВА" UE 3 
11 1x 00 Wan ; : ; à 

3-5 3 00“ +“ ov = Jf —IJ*' + ВК’. = КІ 1 
11 10 ; : 1 х 

7-5 10 10 =- ЈГ + 17 — ТК’ + KL 0 
11 10 , , (d , 

#1 --6 01 10 = ute НЕР АДАС —L 8 
Ll 10 , (4 , , 

15--5 П 10 = НЕ ЗЕК” КЕ 9 
11 43410 a me AMAA Жы, n 

3—9 9. w-w.9. w—w --—il' —4lJ' + МК” + КТ, 9 
00 01 
11 10 pee Е nm ey 

7—9 10 01 =-4/] —4lJ' -4LK' +iKL 3 
11 10 m Е ЩЕ НЕ "Tr “рт! 

11-9 01 01 = Ро + А" —aLK' —« КЕ 0 
1] 10 , . + е , VE M , 

16-9 T 01 = УГ + АР —aLK ¿KL 1 
14: , 10 , . , . , . , 4 , 

9-15 Фа 9..u—w -—iJI' + А" + МК КІ 3 
00 11 
11 10 У ТГ А , "ту 

Т —138 10 11 = 4JI' МЛ - ЖЖ” + КІ 9 
1] 10 n . , е (4 е , 

1118 01 11 = ФГ —4lJ' —4LK' + „КГ 1 

15—13 = и БОЕ ss LE ati 0 
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


Third set, 64 equations (continued). 


0-2 594%4.904-“ = IE + ЛУ + KP + LP 
кк o САМ QUE GO EP qo 
8-2 е са ұлан ӘК а ЖЕ ЕР 
12—2 гы > xu SE ug ЖЕ gy 
0-6 5 бити. 9 Пиш QUE ual nier S AE 
46 DE и sU EA су; WP LAE 
og, or DAMM a UE ae ЖР сорт 
жар Ia и Diu Dp ЖЫ 2 
0-10 9 бр + w $01 u—w GERE. алы LEE а LE 
(do > z = UK JL ЕГ - 7 
$c oM E = dE чаи КР 47 
01 01 
12-10 7 ы KS эй? AU L 


00 11 


0—14 "y оле LR = МК —i4L' -ЗКГ + 
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Suffixes. 


LS 


528. 


524 А MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704 


Third set, 64 equations (concluded). 


Suffixes. 
1-8 arwa и о INE ce И 0 
- pp * З 0-м = + + + K. 

10 11 Е ; 

5-3 iò у “ЛС . qi. ДР № 1 
10 11 ; š 

9—8 бі od ФИ cw WAT 3 г, 9 
10 11 ( | ; 

13 —3 и Š SSR: Я pir: E 3 
10 , 11 , М? ‘al , , 7 

1-7 Sottu- tjou- = ЈЕ — Ш + LP = KJ 1 
10 ш y ; р Р 

5—7 10 10 пе A, | Ар КЛ ; 0 
10 11 , , , , 

9-7 m i Г Lus Ie ЕЙ S 3 
10 11 , , , , 

13-7 11 10 ШК? тат A ДЕА az ТЫ” ЕМЕЛ 9 
10 ESAME я qno fa Г S cet 

1= Il 9 ии’. 9 Cage ЕГЕС. qub Ру cc 9 
00 01 
10 11 . А es: , М , ° , 

D 10 01 = M > META c = 75 s: pK 8 
10 11 eren y SIT A y? 

9-11 jl A озығы: + Бе AE саит 0 

10 11 EP ан ВО а E ues 

19-11 it ut езе AIC EE ла 1 
10 " 11 у . Л “77! “77! . , y с 

DES 39 00+ 9 9-9 = АЙК” ФЕДЯ с ЕЛУ 3 
10 11 др poi plu. 2215 ~ 

0 15 10 11 МК а «ЛІ. о = KJ 2 
10 11 . , B , . , . , pe 

9-15 М Н SAIK E АЧЫР ЖАТ 1 

13-15 я: x aE’ sar” ЕЕ Ur 0 
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 
89. Fourth set, 64 equations. 
11 , 00 , , , , 
3-0 300" +“ 399" ~ “ = ММ + ЛҮ + PP + QQ 
р 1 00 ; [ | 
7-0 10 00 = ММ + NN’ + РР + 00 
11 00 қ , , 
11-0 01 00 = MM' + ХУ + РР + QQ 
11 00 4 , ; 
15-0 11 00 = ММ «NN + РР + QQ 
11 2” у і Р кр . 977. 
3-4 9. .uw-w.9..w—-w =-iMM' + УМ" -iPP +00 
00 10 
11 00 : j — : 977. 
7-4 10 10 =+ ММ’ -iNN' «iPP -iQQ 
18! 00 . , . , ж ° , 
11-4 01 10 + МИ -iNN' -iPP +100 
ща а x = +4ММ' -iNN' +iPP -iQQ 
11 10 
11 ‚ 400 А . , T ; “ао! 
3-8 9. w-w.9..u—-w --MM' -iNN' «РР +100 
00 01 
11 00 > j праг? А m 
7-8 10 01 = - ¿M.M iNN' + РЕ +100 
11 00 š ; — , Der 
11-8 01 01 = ІММ +iNN’ -iPP' -iQQ 
1-5 «В 90 = ши +iNN' -iPP -iQQ 
11 01 
11 , 00 , , UM 
3—12 $0077? uu -— ММ' + NN' + PP - QQ' 
11 00 , , , 
7-12 10 T =+ ММ" - ХУ - PP + QQ 
ав. a 9% -+ МИ - NN - PP + 00 
01 11 
15-12 + t -- MM’ + ИМ + РР -00 
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526 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704 


Fourth set, 64 equations (continued). 


Suffixes. 


gar 1001, каа Чо А НН СОР 0 
00 00 
01 10 | | 

4-4 € не = ММ’ + NM + PQ + ОР 1 
01 10 | i | 

10-1 У n = ММ’ + NM' + РО + ОР 2 
01 10 

— = , ГА , 8 

14-1 11 00 МУ” + ЛМ + РО + ОР 
01 , 10 , ` , 4 / 4 / : 

2-5 9 wr-w.9..w—w = МУ —4NM' +iPQ -10Р 1 
00 10 | 
01 10 . , . , • , 1 / 

6-5 10 10 = ЗИМ -iNM' +:Р0 - "ОР 0 
01 10 . , . И ° , < 

0-5 0 ^ = iMN' -iNM' +520’ -40Р 3 

14-5 M ao = ЖИН СИ. 4420 20Р 2 
11 10 
gio бу MM NER МАЙҒА: 

2-9 9 op У 07-4 —-—4MN' -4NM' «iPQ' МОР 2 
01 10 у аа. в SE ER 

6-9 10 01 =-iMN' -iNM 1: РО +iQP 3 
01 10 КОЧИ: аи 

10-9 b s = iMN' .iNM' -iPQ -iQP 0 

TER ҰША. 19 = dMN' SUM" SPO: QP 1 
1 01 
01 " 10 , , , , 

2-13 500и%М.9114-Ш = MN - NM’ ~ РФ + QP 3 
01 10 | ; 

6518 М n = MN S УМ - РФ «QP 2 

16238. 02 e онн + КМ + Ре 2 ОР 1 
01 11 

14-13 Ж гў -- ММ’ + МИ + PQ – ФР 0 
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Fourth set, 64 equations (continued). 


А MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS, 


10 AS Р š К Я 
1-2 00^ * * 30077" = MP + №’ + РМ + QN 
10 01 , , , 
5-2 10 00 а MF + уд. + РМ + ОЛ 
10 01 | í * 
9-2 01 00 = MP + МЮ + РМ + QN 
10 01 , x и 
13-2 11 00 = МР + NQ + РИ + QN 
10 жар). à 1 "уљу ал АИ 
1-6 w-^w.9., w—w -—iMP + МО -iPM' +10] 
00 10 
10 01 1 haad isi bs 
5-6 10 10 = ФИР -4У0 +іРМ -iQN 
10 01 A TA VD Lou 
9-6 01 10 =-iMP + МФ -iPM' +iQN 
10 01 ЖУРЕ “parr _ ¿ON 
13—6 11 10 = iMP iNQ' iP iQN 
10 , 01 , . . , . , . , 
1-10 w-w.9ou-w = iMP +iNQ’ -iPM' —-iQN 
00 01 
10 01 . TT TR per 
5—10 10 01 = iMP +iNQ -iPM' —-iQN 
10 01 А лгу ; , О! 
9-10 01 01 = ФИР а4У0 —1РМ' —-iQN 
TEET uo as. = {МР +400 -iPM' —iQN' 
11 01 
10 01 , U , , 
1-14 0o * * V 9 114—4 = MP -NQ - РМ’ + ФУ 
10 01 , , , 
5—14 10 T =- МР + №’ + PM QN 
10 01 , j , 
9—14 01 11 = MP > NQ - РМ + QN 
38-4 уду а: =- MP + NQ'« РИ - Фү 


Suffixes. 


0 


_————ЄЄ——Є——————————_ 
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Fourth set, 64 equations (concluded). 


| 
3 


|| 
3 


w iMQ' 


= 
| 
S 
|| 


= зид 


= „МО 


, “М0 


е 
I 
= 
|| 


¿HQ 


|| 


¿MQ 


iMQ' 


u-u -- МО 


+ NP 
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+ РМ: 
+ РИ 
+ РУМ" 


+ РУ 


+ ¿P.N 
+ РМ" 
+: РМ" 


+ :РУ" 


-iPN' 
—iPN' 
—-iPN' 


-iPN' 


E PN’ 
+ РМ" 
PN 


+ PN’ 


A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


+ ОМ 


+ QM’ 


+ QM* 


+ QM’ 


-%9М” 


-%0/” 


—iQM* 


-зди" 


кор ОМ" 


—iQM' 


—iQM’ 


—iQM’ 


- QM’ 


- Quar 


- ОМ” 


- фи" 
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90. I re-arrange these in sets of 16 equations, the equations of the first or 
square-set of 16 being taken as they stand, but those of the other sets being 
combined in pairs by addition and subtraction as will be seen, And I now drop 
altogether the characteristics, retaining only the current numbers: thus, in the set of 
equations next written down, the first equation is 

№ G + и) 9, (и- и) ХХ + УУ + 27 + WW’: 
in the second set, the first equation is 
$ (9, (u+ w) S (u =w) + (u + и), (и-и) = X,X + ZZ, 
and so in other cases. 
First or square-set of 16. 


u+u и-и 

9 $ (Suffixes 0.) 

0 0 = ДЛ. + ЕР 24272 + ИМ’ 
1 4 = AX ~ ҮҮ 422’ – WW 
8 8 e^ ХК ' ҮРҮ — Z7 = WW" 
12 12 = ХХ - РГ - 28 + WH’ 
1 1 = FSA + ХК! + НЕ + ВЕ" 
5 5 а. A + ХУ ~ ИЛ + 4’ 
9 9 - YX’ + ХҮ - Е -ZW' 
13 13 -- УХ’ + ХР + WZ) -ZW' 
2 2 ы. Zk it КЕ + 45 + УИ’ 
6 6 = JX’ —WY + ХЕ" үт” 
10 10 == ЯЖ" = ТУ + ХЕ + УК 
14 14 =— #ХЖ + ТУ’ + ХЕ“ —YW' 
3 3 = УХ’ +27 + Е + ХИ’ 
7 й == WX +27’ -ҮР + ХИ’ 
11 11 == ИХ —ZY a + POL: ҺАН” 
15 15 = РА 27 = YZ + ХИ’ 

91. Second set of 16. 

и+и u—u' uu uw 
34 9 з-+ 3 9) (Suffixes 1.) : 

4 0 0 4 - ХХ’ + #7" 
12 8 8 12 ЖХ = 22" 

5 1 1 5 Ра WE 
13 9 9 13 УХ’ - #2' 

6 2 2 6 ІХ + ХР’ 
14 10 10 14 —ZXA' + Х2' 

1 3 3 1 WX' + 72' 
15 11 11 15 - УХ’ + YZ. 
и+и u-u и+и 

44 9 9 - 9 9 } (Suffixes 1.) 

4 0 0 4 = ТҰ”, ИИТ 
12 8 8 12 JY — РИ" 

5 1 1 5 XY +51’ 
13 9 9 13 AY’ —ZW' 

6 2 2 6 We «+ YF: 
14 10 10 14 — WY’ + YW’ 

T 3 3 7 27’ + Х”" 
15 11 11 15 -ZY + XW' 

DX 67 
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530 A MEMOIR ON. THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704 


92. Third set of 16. 


ии и-и/ uu и-и/ 
ы 1 ues опира (Suffixes 2.) 
Ei. 0 0 uUo yu 
12 4 1 12 WA о ЕЈ 
9 1 1 9 Y кв ae 
13 5 5 13 -7Х + ХУ 
10 2 2 10 ZA” КГ 
14 6 6 14 BA x 
11 3 3 11 WX’ + 27 
15 7 7 15 - WX’ + 47 
ии u-w и+и uw 
313 $ - 9 2) (Suffixes 2.) 
8 0 0 Вж 22 Е 
12 + „а 12 ZZ — WW' 
9 1 1 9 WZ' + 7 
13 5 5 13 – WZ + ZW 
10 2 2 10 XZ’ + УЙ' 
14 6 6 14 AZ’ -YW' 
11 3 3 11 YZ’ +XW' 
15 Yi 7 15 - YZ + ДИ’ 
93. Fourth set of 16. 
и+и и-и" uty’ ми’ 
34 9 $ (4 алты (Suffixes 3.) 
12 0 0 IX = XX’ + КЕ 
8 1 4 8 XX’ - УИ’ 
13 1 1 13 УХ’ -ZW' 
9 5 5 9 УХ’ -ZW' 
14 2 2 14 EX. TW 
10 6 6 10 AX! TN 
15 3 3 15 WX' -XW' 
11 7 7 11 WX' -XW' 
uw и-и ии u—u' 
${ 3 + - 9 %) (Suffixes 3.) 
ШЕ. 0 бола и Ру y 
8 + 4 8 —YY +#7 
15 1 1 13 AY + #2 
9 5 5 9 — ХҮ + WZ’ 
14 2 2 14 ТУ’ + ХИ’ 
10 6 6 10 — ТУ’ + XZ' 
15 3 3 15 ZY’ + 77 
11 7 7 1 „ЖҮ + 77 
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bo 
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ow — «Фо OK сл eti 
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tet 


— 
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ке 
e 


14 


— 


94. Fifth set of 16. 


el 


—- 
чос оо — 


= к 
oor vi л ыы 


i 


oo — «о оо = or] Ф 


1.#-G 
E+G 
:.#-6 
F-H 

+. Г-Н 
- „Е +H 
„Е-Н 


E-G. 
г. Е+а 
E-G 
+. EMG 
F-H 
4.Ғ«Н 
- .F-H 
P+ H 


— 4. 


Е 


(Suffixes 0.) 
E-G.E'-G + 


+ + + + 


Sixth set of 16. 


(Suffixes 


E—-iG.E +4 + 


„Е + 16 
Е – iG 
. Е + 16 
F-—iH 
.F+iH 
— .F-iH 

i. P + H 


—4. E — iG 

E + 16 
-з.Е-16 

Е +i 
—i.F -iH 
- F4 iH 
+i.F — H 


A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


P-eH.F-H' 


.Ғ-Н 


.F--H 


~. 


е. 


.Ғ-Н 


E + @ 


i. L-G 


E+G 


.Е-6 


P ud 


F-iH.F-iH 


РН 
.F -iH 
.F +H 
Е – 46 
.Е +416 
Е – 16 
„Е +416 


(Suffixes 1.) 
E-iG.E -iG + 


4- 
+ 
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F + H.P —iH’ 
$. Е —4H 


‚Р +i 


$. P — iH 


E + 4G 


i. E — 4G 


. E +'6 


i. E — iG 


67—2 
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96. Seventh set of 16. 


u—wu 


= 
T 
= 


4{ 9 $ + (3 +} (Suffixes 2.) 
9 0 0 9- E-G.E-G + F—-H.F-H' 
13 4 4 13 4,E—G » + 4.Ға«н M 
1 8 8 1 Е+6 i "s 70е T MES 

19 12 5.5.89 ч see Pr o, 

11 9 9 11 Кен ИЕ $. AR 5 
15 6 6 15: мии. ФИШ ew „ 
3 10 10 3 F + H т - .E-G 5 
7 14 14 "о већ S BEEE Ж 
uu uw ии” u—w 

219 $9 -(9 9 } (Suffixes 2.) 
9 0 0 9} = E-G.F-@ + F-H.F-H' 
13 4 4 18 4. Мена 3 + CAE l. 
1 8 8 1 E * i cV Ri ER ы 
5 12 12 5. не ^ BY Id НА ol 
11 3 2 11 | дао |, +: SEE. . 
15 6 6 15 +. + H i + i. E-G А 
3 10 10 3 Ғ-Н " - .E-G в 
7 14 14 T], У а ew d 5 

97. Eighth set of 16. 

ии uu и+и uu 

249 9 9 3} (Suffixes 3.) 
13 0 0 18; = Е- 16. Е + 16 + F-iH.F' -i4H' 
9 4 4 9. о а = БАРОН Wor, 
5 8 8 5 Na 70V E I аи 
1 12 12 1 -i.E-iG P + 2.К— он т 
15 2 9 15 М-и <, Ще E o 
11 6 6 Ho 8 O; Lu = Wu Ñ 
T 10 10 7 W.ur 5. оо : 
3 14 14 8 -t.F + H а + 1. Е-16 e 
ии’ uw ии u—w 

349 3 9 9 } (Ѕићхеѕ 3.). 
13 0 0 i = Е + зе . FE —4G + F-iH.F +љ1' 
9 4 4 у ЖЕ Я кеін fe: жарған 
5 8 8 5 E 4 iG Ж i бї: АА 
1 12 12 1: Lia eS $ РУДЕ пр uH) 4. 
15 2 3 15 Кен , + А-4 - 
11 6 6 11 -3i.F-iH is — 1.Е+ G $ 
7 10 10 7 F +i Н - .E-iG i 
3 14 14 3 —i4.F -iH is + $. Е + 16 T 


www.rcin.org.pl 


704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 533 


98. Ninth set of 16. 


~ 


и+и ии uu и-и 

349 + + 9 3 } (Suffixes 0.) 
2 0 0 3 = 1+К.Г+К + Ja р. + Г 
6 4 4 6 1 + K is - „+ » 
10 8 8 10 i. I-K T + 97-21 ns 
14 12 12 14 .1- К қ. - t.J-L ^ 
3 1 1 9 +1 E + I + K % 
7 5 5 7 - + Г š - .I-«-K ы 
11 9 9 11 4..7 — Г ^ + ¿I-K ка 
15 13 13 15 -%./-4 6 - $.1-К A 
и+и “- и+и ши’ 

12. 9 - (ons (Suffixes 0.) 
2 0 0 = 1-К.Г-К + J—-L.J'—L 
6 4 4 6 1-К » - J-L " 
10 8 8 10 4.1 + K Me + d.J-L ж 
14 12 12 14 1.1 + K = - i.J4L " 
3 1 3 J-L » + 1-К и 
7 5 5 7 .Ј- 1 4 + I— K ji 
11 9 9 П +.Ј +L 5 + 4.15 К » 
15 13 18 15 -з3 J + - + љ.1+К 4 

99. "Tenth set of 16. 

ии и—м/ ии “-ш 

119 3 + 4 3 (Suffixes 1.) 
6 0 0 6б= 1+К.Г+К’,+ J—-L.J'—L 
2 4 4 2 I + K " - J-L М 
14 8 8 14 i.1— K " + %.Ј+ 1. % 
10 12 12 10 i.1—K ы - 4./-1, " 
7 1 1 7 J+ L м + 1-К А 
3 5 5 3 +1 "s - J-E = 
15 9 9 15 i. J—L е + 4.1 + К А 
11 13 13 11 i.J—L š - %$.1+Е » 
utu и-и и+и u-u 

143 5 = 9 9) (Suffixes 1.) I 

Ж 0 0 бе ЕВА Же. ПАДЕ 
2 4 4 2 1-К за - d+ S 
14 8 8 14 i.1-K я + d.J-—L Я 
10 12 12 10 4.1 + К Р - i.J—L + 
7 1 1 7 J-L ig + I + K » 
3 5 3 J-L " = .I-4K »" 
15 9 9 15 i.J-L - + i. I-K d 
11 13 13 11 $. + | " - 45.1--К Р 
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100. Eleventh set of 16. 


uty u-w urw uw 

11 9 + 9 +} (Suffixes 2.) 
10 0 0 10 = Z-iK.l'-iK' + .Ј- 41.7 +4 
14 4 4 14 T Bee: а Ot реди us 
2 8 8 2 605 WER и + EA р 
6 12 12 6 — РИЗА, dta ЖЕ. 
11 1 1 11 JAMES uu «ОЩЕ на 
15 5 5 в ан и Ра Цео ЗЕН „ВН 
3 9 9 3 ЛАА, = AER ERS с 
T 13 13 T ++. J +41 5 — 4.1 +4К " 
u+u и-и ии и—и 

149 + — 9 3} (Suffixes 2.) 
10 0 0 10.= Тек. ГЫ + J - iL.J'—à4L 
14 4 4 14 I +K я! - +32 id 
2 8 8 9 Aq SRE а = РЕНЕА WO, 
6 12 12 6 —34.1 — iK К -tod.J—á4L 5 
1 1 1 11 FA V us VES 1109/01 ЋЕ 
15 5 5 15 — .J 4 iL " + I+ K ТН 
3 9 9 3 —i4.J—iL а: = 4.1-%К 3 
7 13 13 JC AU Ка МАРИЋ DT 

101. Twelfth set of 16. 

+ u—u' ии u-—w 

249 + + 9 3} (Suffixes 3.) 
14 0 0 14 = I-iK.l'-4K + J - iL .J'—iL/ 
10 4 4 10 ES3E alae v OM ER “а 
6 8 8 & dd att, ze E e EN os 
2 12 12 QUIETIS. V. ЊЕНЕ си 
15 1 1 15 Tami e YEAR OS 
11 5 5 11 Fait eM aw 7, 
7 9 9 y eU udis 1. us AE REN у 
3 13 13 Bod Jai 52 + T eae 
ии и-и uty и-и 

34 3 + - 9 31 (Suffixes 3.) 
14 0 0 14 = I-iK.l'-sK' + J—iL.J'«-4L 
10 4 4 10 Т КЕ а noU edi. 
6 8 8 я. E sk Xd = 24 129 
2 19 12 ЖЕРІН ӨСІ ЖА КРАЋЕ 
15 1 1 15 JB | "EET AT ГЕШ 
11 5 5 1 таш. silio Bac Вия 
7 9 9 DU a SOT Ka и „йе! d 
3 13 13 $ 4 4 EVE +, а CERTUS, 
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102. Thirteenth set of 16. 


M 


ии и-и ии uu 
145 $ + $ » | (Suffixes 0.) 
3 0 0 З= M-Q.M'«Q' + N+P.N'+P 
7 4 4 7 i.M-Q Ж - 4,N-P » 
11 8 8 11 i.M—Q йч + N-P ñ 
15 12 12 15 — .M+Q à FS N+P is 
2 1 1 2 N+P ^ + M + Q А 
6 5 5 6 —-i1.N - P e + 4..M-Q 4 
10 9 9 10 .У-Р 2 + i. M-Q à 
14 13 13 14 N+P 2 - M+R " 
uru и-и ии u-wu f 
í 9 + = /8 9) (Suffixes 0.) 
3 0 0 З= HM-Q.X'-Q + N-P.N'-P 
7 + 4 4 1.М-0 n - i N+P » 
11 8 8 11 i.M-Q b + t.N+P и 
15 12 12 15 - .M-Q " + N-P ші 
2 1 1 2 N-P я + M-Q s 
6 5 5 6 —i.N +P i + i.M-Q i 
10 9 9 10 $. N + P ^ + i.M-Q xi 
14 13 13 14 N-P ж - .М-0 я 
103. Fourteenth set of 16. 
uu uu ‚ u+ “-. 
29 d ee A. VS УНЕ 5 (Suffixes 1.) 
7 0 0 т- M-iQ.M'+iQ’ + N + БР. № —4P 
3 4 4 3 -:.М+ iQ » + i. N -iP " 
15 8 8 15 i. M + iQ » + ¿Y -iP + 
11 12 12 11 M -- iQ » - „И ++» " 
6 1 1 6 N -iP i + M + iQ Š 
2 5 5 2 —i4.N -iP F + i.M-àiQ 2 
14 9 9 14 +i. У +{Р 7 + i.M -iQ 2 
10 13 13 10 N -iP й - .M+iQ 5 
ии и—и' uty u—w 
13.23 — 2.18 (Suffixes 1.) 
7 0 0 7= М-0.М-%0 +  N-iP.N'«iP 
3 4 4 9 —i.M —-iQ % + 4.У +P Е 
15 8 8 15 —»љ.М - iQ 5 + iN + :Р я 
11 12 12 11 M +10 - - „И + :Р à 
6 1 1 6 N +P * - M — iQ š 
2 2 —i4.N —iP Б + 4.М-%0 à 
14 9 9 14 +:. X -iP + + 14. М + Q " 
10 13 13 10 N +iP > - .M-iQ à 
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104. Fifteenth set of 16. 


A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 


N —iP.N' «iP 


+ } (Suffixes 2.) 
1 = М-:0.М + 10 + 
15 г. M + 10 Ее $. ЈУ + ¿P 
3 —i.M + iQ s $. У + P 
7 M — iQ » — .N-iP 
10 N — iP - M — iQ 
14 —3.N + iP НА i. M + iQ 
2 —i4.N + iP T i. M + 10 
6 —.N —i4P » M — iQ 
eus 
9 (Suffixes 2.) 
11- Мъ0.М-10 + N+P. 
15. %.М-% ж $. М — iP 
3 -%.М-%4Я ҮН $. У — ¿P 
7 M + iQ ls N + :Р 
10 N +P ы M + iQ 
14 —i.N —iP v i. M — iQ 
2 —i4.N —iP н" i. M — iQ 
6 — .N «-iP Ра М + 10 
105. Sixteenth set of 16. 
u—u 
3} (Suffixes 3.) 
15 = M-Q.M'-Q + N+P.N' 
11 -4.М-0 Ы + i. N-P 
T -i.M+Q ~ - i.N-P 
3 - .M-Q Р + N+P 
14 N-P >. + M + Q 
10 -i.N +P н + t.M-@Q 
6 -i.N+P ^ - i. M-Q 
2 -.N-P - + M+Q 
и-и 
9) (Suffixes 3.) 
15 = M+Q.M+Q + N-P.N' 
11 -i.M-Q > + ENEP 
7 -i.M-Q » - «N+P 
3 — M+R x: - N-P 
14 NEP = - M-Q 
10 -i.N-P e + 4.М-0 
6 -i.N-P » – i.M«Q 
2 – .N+P "3 - M-Q 
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106. In the square set, writing w'—v'—0, and а, B, y, 8 for X’, У, #, W’; 
also slightly altering the arrangement, 


the system becomes : and further writing herein и 20, v = 0, it becomes 
и Аа: X Е W 0 e 
ож rr d | о|- а ++ E Ж 
брак -Въл 8 = | а-ну =| 4 
= | а В -у -6 = |æ- 8 — y — $ = | 8 
Врећа 9 12 | = | e-p-y. = | 12 
| Три: ас. + 1|= | 2468 + 8) а 
б ъа ga wa! oy 5 0 
| 0 | + | А а —8 -у 9| = 2 (aß — уд) Ж 9 
к ЖЕН г e qu 13 0 
ate ee @ | 2} = | 2(ay + 89) = | 3 
6|=|у -8 a -B | 6 | = 2 (ay — 38) = | 6 
10 | = | у ё -а -В 10 | 
14 | = ly -8 -а В 14 0 
$1219 y "HE 8 | = 2 (аб + Ву) = | 8 
, 8 -у В -а Т 0 
П|е| 8 y -8 -а 11 0 
15] =18-у = е 15 | = 2 (a8 — Ву) = | 15 


viz. this last is the before-mentioned system of equations giving the values of the 
10 zero-functions c in terms of the four constants а, В, у, 6. 


107. The system first obtained is a system of 16 equations 
S (0, v) 2 aX +BY + 74 + $W, «с., 
showing that the squares of the theta-functions are each of them а linear function 
of the four quantities X, Y, Z, W. If the functions on the right-hand side were 
independent (asyzygetic) linear functions of X, Y, Z, W, it would follow that any 
four (selected at pleasure) of the squared theta-functions are linearly independent, 
and that we could in terms of these four express linearly each of the remaining 
12 squared functions. But this is not so; the form of the linear functions of 
(X, Y, Z, W) is such that we can (and that in 16 different ways) select out of 
the 16 linear functions six functions, such that any four of them are connected by a 
linear equation; and there are consequently 16 hexads of squared theta-functions, such 


с. X. 68 
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that any four out of the same hexad are connected by a linear relation. The hexads 
are shown by the foregoing “Table of the 16 Kummer hexads." 


108. Тће à posteriori verification is immediately effected; taking for instance the 
first column, the equations are 


Su X y Z W 

A 1 = 6 y _ 8 — а, 
В 7 ó – ү 8 — а, 
АВ 6 у – à а – 8, 
ср 2 y Š а B, 
CE 1 8 а Š y, 
DE 9 8 а 6 cxlo s 


viz. 16 should thence follow that there is a linear relation between any four of the six 
squared functions 11, 7, 6, 2, 1, 9: and it is accordingly seen that this is so. It 
further appears that, in the several linear relations, the coefficients (obtained in the 
first instance as functions of а, В, y, 9) are in fact the 10 constants c: the 15 
relations connecting the several systems of four out of the six squared functions are 
given in the following table. 


109. 
Td 11 7 6 2 1 9 0) 
с 6 - 9 1 - 9 
6 + 15 — 12 + 4 
- 2 - 15 + 8 - 0 
1 + 12 - 8 + 3 
-9 = £ + = 
6 3 - + 8 
- 9 - 3 - - 12 
1 + 0 - 4 — 15 
- 9 — 8 + 12 + 15 
— 15 - 3 2 - 6 
— 12 + 0 1 м Bac 
— 4 + 8 9 — 6 
- 8 + 15 + 9 - 1 
- 0 + 12 + 9 - 2 
- 8 + 4 + 1 - 2 
Read 


. седе с Зе + с? S — суде = 0, 
СУ. +05 — 029, + с? = 0, бе. 
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110. The first set of 16 equations is the square-set, which has been already 
considered. If in each of the other sets of 16 equations we write in like manner и = 0, 
each set in fact reduces itself to eight equations; sets 2, 3, 4 give thus 8+8+8, 
—24 equations; sets 5 to 8, 9 to 12, and 18 to 15, give each 8+8+8+8, = 32 
equations; or we have sets of 24, 32, 32, 32, together 120 equations, the number 
being of course one half of 256 — 16, the number of equations after deducting the 
16 equations of the square set. 


111. The first set, 24 equations. 


This is derived from the second, third, and fourth sets, each of 16 equations, by 
writing therein w'—0. Taking а, В, у, 9, for the zero-functions corresponding to 
X, Y, 2, W then on writing и =0, Ху Ү,, Z/, И, become а, В, у, 6. In 
the second set of 16 equations, the first equations thus are 

Зи. Sw = eX, + уй, 02 В”. + š. W, 


Зем . Seu = aX, — ДА, 0 = В,У, – ô W, 


viz. the equations of the column require that, and are all satisfied if, 8, 20, 8,20: 
hence the zero-functions are а, 0, у, 0; and this being so we have only the equations 
of the first column. And similarly as regards the third and fourth sets; the zero 
values corresponding to 


Хр Y, Z, W, Х,, Y,, as W, Х,, Y, Z, V, 
0: ~ 8, 


are а, 0 у & B 9 0 a, 0 
and we have in all 8-- 8-- 8, = 24 equations. These are 
(Suffixes 1.) (Suffixes 2.) (Suffixes 3.) 
Зи . Зи E 4 Зи . Зи ^ MES А Зи . Зи + YN г 
—— бит: €— — 
oO à њ У 8 29s & 9 №. 0 bie 
ТРЕТ or КТ 11 4 = = =p Ва Л А гап 8 
6 9 "~ 9 ет lg Bs Ива 4: на 
14 10 y -а 18 5 = В -а 11 7 --8 a 
EN Z W LP | 
5 1 = а Y | 10 2 = & 13 1 = а 
13 9 а "di | 14 6 = а — В 9 5 = Q b= 8 
7 5 = у a 11 5 = В a 14 2 = 8 а 
15 1 - у -а 15 7 = B -а 10 Ú we a 
4 Ө = а +у | 8 О = а? + В 12 О = d. 
12 8 = 4-34 | 1 4 = а-ә и: E D. 
6 2 = му | 9... E tg w та A 
68—2 
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112. 'The second set, 32 equations. 


To exhibit these in a convenient form, I alter the notation, viz. I write 


E+G, i(E—G) (Е+Н), Y H) E, hagi: E,—iG, Кен, F,—iH, 
= Ж, Т; 2, у, Z, W, | 
(E, + 6,), (Е,- G) (7, + H), a Н,) Е а E,—iG, ЕН, F,—iH, 
- P ghe Ёз, 2,, У}, 2, W;, 


so that as regards the present set of equations, X, Y, Z, W, signify as just mentioned. 


And, this being so, the corresponding zero-values are 


& 0 OU а др, ПОТ, рог PER 
The equations then are 
(Suffixes 0.) | (Suffixes 1.) (Suffixes 2.) 
Зи. За X FZ | Зи. Зи X Z Ju. Ju Хх W 
| 0-4 Q3 gi ое NE 
9 8-a -y | 9 12=—а «iy | CEP 
3 2-у а 3 6--фжу —ia 15 6= 6 а 
1 10+4--а 1 Me-éy sia Р AT" 
£z" > 
5 18 7447579 
13 5 12= а =ô 
7 11° 3=-6 а 
15 9 102 ô a 
90 90.90 e 
1 02g. 1 4--в(е+у) 9 0- е-8 
9 8ӛ-а-у 1--(а-у) 1:84 ие 
3 9-2 Jay 3 6-- у 15 6- 28 
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0, 


0, 8, 
(Suffixes 3.) 
. Зи X W 
4=—ia — 4 
12=-м +6 
де 7, а 
10=— ô a 
у Z 
NA NV 
8= a&:—.8 
6--% -за 
142 6 —ia 
. 30 
4 = —i(a?+&) 
12 = — i (aœ? — 5) 
2 = 2a8. 
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113. Third set, 32 equations. 


We again change the notation, writing 
I+ K, ¿(I — K), J + L, i(J — L) | 1,+ К,, ¿(T — К)), (J, + L), $ (Л, — L.) 
= Ж, ғ 2, W ims, Т. , Ai; У, 


I, +K, I,-iK,, ЈЉ+- А, 4,-, 
Ж. FE, Z, W,, 


I. 4K,, I,—iK,, +1, J,— iL, 
= A, ја Zs, W, 


the zero values being 


a, 0, Y, 0 | | , 0, 0, Š, | а, , 0, "ә , 0 | а: , 0, 0, 8, • 


Then equations are 


(Suffixes 0.) (Suffixes 1.) (Suffixes 2.) (Suffixes 3.) 
Su. du X 2 Зи. Зи A т Зи. ди X Z “.“ X W 
мана таи |9 ве 21. 6. вый 
6 4=a —y V 4= а 8 6 12=- іа + гу 2 12=— а % 
$ Тыл м ЩШ "Ou 8. в 3 9=—% —ia 15. 1= 8 а 
"oe. —« d И Ве а |17 месо ни РП ГЕ а 
(A Ж. E. 4 ONE № EX x 
METR мект и аб | еј $s ТҮТІ dM. dn и е 
М 19а -у | 10 14- « -8)| 14,4-. в-у | 10, 4= 4-2 
11 2925 a 7 12-3 a ll ]= y a | 7 92-45 - ма 
15 13-2, -а 3 = 8 а 15 5= у -а | 3 13- 8 —ia 
4 " МА | EK та om MEE YN е 
30 . 30 30 . 30 30 . 30 | 90.30 
2 0 = a° + у 6 = а-% 2 8--:(а + у) 6 8--:(а + 5) 
6 4-а-ур 2 4- е+6 6 12--i(d-y) | 2 19--:(а2-Ф) 
3 l= Зау 15 9- 2a8 3 9-- May 19: Га Зад. 
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114. Fourth set, 32 equations. 


Again changing the notation, we write 


M, + iQ, M, — iQ;, N.+%P2, N,— iP, M, + Qs, i (M; — ©), N, + РА, 1(N, — P,) 
ек Ж; Ж; 2, W а, У, 2, Wi 
M+, ¿(M — Q), N+P, (QN — Р) M, + iQ;, M, —4Q;, ND, N,-4P, 
"S X3; Yi, Дь, W, X, ү;, Z, Ws, 
the zero values being 
а, 0, fy; 0 | a, 0, 0, 8, | %, 0, Yo 0 | 0, Вз, Yen 0. 


The equations then are 


(Suffixes 0.) (Suffixes 1.) (Suffixes 2.) (Suffixes 3.) 
мож XZ. | ом м гм uM 
о зала та зачева M MAR ER EE l E P 
15 12--а у | № 8- а 48 3 8=—%а -4у 3 12- B у 
8 Ye y а 6^ 12 $3 Уа Ma Б ШУ ҰТА MN В 
14 13=-y а 10 13=— ò a 2 9=—%у —ia 6 9--у – В 

| 
Y W Y z| үст acu 
= босу |: edad И Т TS ENS 
lim 4? y'| nye ass гъза AME ға, 21331 
6 5- y —a 2 b= 6 —ia 10-1- y a 14 І- у -В 
10 92-54" а! | 14^ 9- а: "аа 6 В- у –а 2 13- 4 В 
90.90 90. 90 90.90 90.50 
0 3-2 Фу 3 4--i(é-9) | 15 4- i(d-y) | 15 0--(8-у) 
15 18=- (02-7) | 15 8= «(а + Ф) 3 8в=—((ељу) | 3 12- Bey 
2 1=- Yay 6 1-2 %4 2 д=— Yay | 6 9-- 98, 
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115. -It will be noticed that the pairs of theta-functions which present themselves 
in these equations are the same as in the foregoing “Table of the 120 pairs" And 
the equations show that the four products, each of a pair of theta-functions, belonging 
to the upper half or to the lower half of any column of the table, are such that any 
three of the four produets are connected by a linear equation. The coefficients of 
these linear relations are, in fact, functions such as Ше + 9, а- 8, ад written 
down at the foot of the several systems of eight equations, and they are consequently 
products each of two zero-functions c. 


Thus (see “The first set, 24 equations") we have 


(Suffixes 3.) (Suffixes 3.) | (Suffixes 3.) 
is AP Wu d r £z]. 
4 iui. Со ж “eo Ret а бы ott 
0 12 а 8$ |.1 Ше. q 114: 0 12 = а? + Ф 
3 das в. 4= 8 а 15 3 = даб. 
КГ ЛИЛЕ eee БЕ а | 


116. In the left-hand four of these, omitting successively the first, second, third, 
and fourth equation, and from the remaining three eliminating the X, and У, we 
write down, almost mechanically, 


Su . Su | 
4 8 > + 205, -Ә-а, ea], 
0 12 — 2a, 4 — 9+ а, a+ | 
ЖҰ. а 55, P —a, | даб | 
T 11 — +5 Pra, - даб 


and thence derive the first of the next following system of equations; read 


Саб дол — 00493 + 6,0, 9735 = 0, 


— 003,9 + со 93, — сс; = 0, 
бб; Уз — Саба 93, + 005373, = 0, 
— Cils Ў, + сб — C305 у = 0, 


where the theta-functions have the arguments и, v. 


Observe that, on writing herein из 0, 9-0, the first three equations become each 
of them identically 0 = 0; the fourth equation becomes 


— се + се? — сұс = 0, 
which is one of the relations between the c's and serves as a verification. 


But in the right-hand system, on writing и= 0 = 0, each of the four equations 
becomes identically 0 = 0. 
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117. The equations 


9 4.8 0.12 


! 
|-4.s 0.12 


3.15 


— 0.12 
-4.8 


are 


c 9.15 
— 9.15 

2.4 -0.6 

-0.6 2.4 


9 3.6 1.4 
с 9.12 
— 9.12 
1.4 -3.6 
-3.6 1.4 


с - 2.8 


ie 
oS 
со = 
о o 
= <° 


– 9.15 


9.12 


– 9.12 


14.11 


-1.4 


5.9 1 
3. 

— 3.15 
0.12 -4. 
авто. 
7.9 3 
1 

— 1.15 
2.12 -6 
-6.8 2 
1:7 3 
9 

—9.15 
2.4 -0. 

-0.6 
244 0 

-9.12 
1.4 -3 
-3.6 1 
12.13 4. 
-2. 

2.3 
— 0.1 8 
— 8.9 0 
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6.10 20, 


------------------------------------------------ 


-0. 
4. 


4.8 
- 0.12 
3.15 


10,18, «0, 


-2.4 


10:18“ 20, 


-1.4 
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x» 4.6 0.2 1.3 5.0 = 3 8,11 080158: AR 14. 90 2%, 
с -1.3 0.2 4.6 

1.3 -4.6 -0.2 

-0.2 1.3 

-4.6 -1.3 


с 3.9 -2.8 6.12 
-3.9 -6.12 2.8 
2.8 6.12 -8.9 


с 0.9 —1.8 6.15 
-0.9 -6.15 1.8 
1.8 6.15 -0.9 


-6.15 —1.8 0.9 


3 4.9 1.12 2.15 7.10 z0, 
с 2.15 -1.12 4.9 
—2,15 4,9  —1.12 
1.12 -4.9 2,15 
-4.9 1.12 -2.15 


z 0, 9 3.11 7.15 6.14 2.10 -0, 
с 1,9 -0.8 4.12 
-1.9 —4.12 0.8 
0.8 4.12 —1.9 


—4.12 -0.8 1.9 
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9 4.15 3.8 2.9 5.14 -0, 


с -2.9 3.8 15 
2.9 -4.15 -3.8 
—3 4.15 2.9 


—4.15 3.8 -2.9 


3| 6.9 3.129 -lotio 116.30 -0 
c дон. (4008 И 
0.15 EA ee 
18:49: 6.9 —0.15 
6:68: 851952 НОРЫ 


3 1.6 3.4 8.15 10.13 +0, 
с 8.15 -3.4 1.6 
—8.15 „4.6 -3.4 
3 — 1.6 8.15 
-1 3.4 -8.15 
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c -2.9 OR DEN 

2.9 асы В 
I$. га в 2.9 
4.15 ще Бо 
91 2.13 РВ DA 29.4979, 
c 0.28 2/19 6.9 
—0.15 А > woe 
—3.12 0.15 
бог АЯ Ша? 
93. 81k. Сат ив. У Fb 002259 
c иж Корв. Com 
аз 248.150. 
0.3 12.15 9:9 
зав ЖЕ КАА... 
9| 2.5 07 31.19 9M 20, 
c Lg. 15 54.6. 1 
8.15 18 13g 
EN. —8.15 
M ф:4 8,15 
275. 3.7 11.15 9.13 -0 
c t DET MA М В 
8.12 $.0 50 
UE A e 28:19 
- 2.6 а "лам 
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118. The foregoing equations may be verified, and it is interesting to verify them 
by means of the approximate values of the functions: thus, for one of the equations 
we have 


, 


со, Le., | (ФА +2A’)(—2A +94”) | 1 M 1 
— oC - 1 я 1 . 2Acos dr (u+v)+2A’ софт (и — v). 
š — 2A cos ўт (и + v) + 2A' cos фт (u — v) 
+ с 9:91 + 1 Я 1 .—2Asin іт (и +0) – 2A'sin $r (и — v). 
— 2A sin фт (и + v) + 2A'sin $r (и — v); 
= (), = 0, 
viz. the equation Бо ђе verified is here 


— ЖА: + 4A” 
+ 4A? cos? dar (и + v) — 4A" cos? dar (u — v) 
+ 4A? sin? Jor (и + v) — 4A” sin? Jor (u — v) 
= 0, 

which is right. 


119. In the equation 
6043 За, Le. 


20.1.20 сов 4ти.1 


— сс. 9; У -20.1.20 cos ти. 1 
+ 06% 9491 
= 0, | =0; 


this is right, but there is no verification as to the term ¢,0,3,,3,; taking the more 
approximate values, the term in question taken negatively, that is, — casu is 


---(2А--2А). 25. – 28 іп ти, — 2А sin $r(u+v)+2A’sin $r (и — v), 
which is | 
= — 8S* (A + A" cos $ ти +88 (A + А”) A cos фи (и + 2v) + ЗА? (A + А”) A’ cos dr (и — 2v), 
and this ought therefore to be the value of the first two terms, that is, of 
(20 + 29 — 24 — 24^) (1 — 2Q* — 28*) (2Q соз іти + 24) cos фти 
+ 2А cos іт (и + 2v) + 24' cos т (и — 2v)} (1 — 20* cos ти + 28* cos ту) 
— (20 + 2(@ + 24 + 24^) (1 — 2Q* + 28*) {20 соз ти + 24 cos ўти | 
— 2A cos Jr (и + 2v) — 24' cos $r (и — 2v)] (1 — 2Q* cos ти — 28: cos mu), 
which to the proper degree of approximation is 
= (20 — 40° — 4QS* + 2Q* — 24 — 24") {20 cos іти — 44 cos ўти cos mu 
+ 4QS* cos Ути cos пи + 24 cos ти + 2A cos фт (и + 2v) + 2A’ cos Yar (и — 20)) 
— (20 — 4Q* + 4QS* + 20 + 24 + 2A’) |20 соз іти- 4Q* cos ти cos ти 


— 408 cos ти cos то + 2Q* cos ўти — 2А cos іт (и + 2v) — 2A’ cos іт (и — Фи) |. 
69-—2 
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This is 
(2M, — 20, (2M + 20) 
— (2M, + 20,) (2M —20), =8 (МО — МО), 


if for a moment 
М = Q cos ти — 2Q* cos Ути cos ти + @ cos ёти, M,= Q — 20+ (2, 
О = 2Q8: cos ти cos то + А cos іт (и + 2v) + A’ cos jr (и- 20), О,=20% +А + 4/', 


or substituting and reducing, the value of 8 (M,O — МО,) to the proper degree of 
approximation is found to be 


= — 8Q(2QS* + А + A’) cos ти 
+ 8 (ŒS! + 804) cos 4r (и + 2v) + 8 (0° + 804") cos $т (и — 2v), 


which in virtue of the relations QA = A?S*, ФА" = Л®8°, (25? = AA’, is equal to the 
foregoing value of содида. І have thought it worth while to give this somewhat 
elaborate verification. : 


Réswmé of the foregoing results. 


120. In what precedes we have all the quadric relations between the 16 double 
theta-funetions: or say we have the linear relations between squares (squared functions) 
and the linear relations between pairs (products of two functions): the number of 
the asyzygetic linear relations between squares is obviously — 12; and that of the 
asyzygetic linear relations between pairs is = 60 (since each of the 30 tetrads of 
pairs gives two азугурейс relations): there are thus in all 12+60, — 72, asyzygetic 
linear relations. But these constitute only a 13-fold relation between the functions, 
viz. they are such as to give for the ratios of the 16 functions expressions depending 
upon two arbitrary parameters, г, у. Or taking the 16 functions as the coordinates of 
a point in 15-dimensional space, these coordinates are connected by a 13-fold relation 
(expressed by means of the foregoing system of 72 quadric equations) and the locus 
is thus а 13-fold, or two-dimensional, locus in 15-dimensional space. 


Hence, taking any four of the functions, these are connected by a single equation; 
that is, regarding the four functions as the coordinates of a point in ordinary space, 
the locus of the point is a surface. 


In particular, the four functions may be any four functions belonging to a hexad: 
by what precedes there is then a linear relation between the squares of the four 
functions: or the locus is a quadric surface. Each hexad gives 15 such surfaces, or 
the number of quadrie surfaces is (16 x 15 —) 240. 


The 16-nodal quartic surfaces. 


121. If the four functions are those contained in any two pairs out of a tetrad 
of pairs (see the foregoing “Table of the 120 pairs"), then the locus is a quartic 
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surface, which is, in fact, а Kummer's 16-nodal quartic surface. For if for a moment 
г.у and z.w are two pairs out of a tetrad, and 7.8 be either of the remaining 
pairs of the tetrad; then we have rs a linear function of гу and zw: squaring, 1928 
is a linear function of æy’, ауга, 29; but we then have 7? and $, each of them 
a linear function of æ, y* 2, w°; or substituting we have an equation of the fourth 
order, containing terms of the second order in (a, y 2°, и), and also a term in 
ayzw. lt is clear that, if instead of r.s we had taken the remaining pair of the 
tetrad, we should have obtained the same quartic equation in (a, y, 2, ш). And 
moreover it appears by inspection that, if гу and zw are pairs in a tetrad, then 22 
and yw are pairs in a second tetrad, and aw and yz are pairs in a third tetrad: 
we obtain in each case the same quartic equation. We have from each tetrad of 
pairs six sets of four functions (а, y, 2, w): and the number of such sets is thus 
(16.30 =) 60: these are shown in the foregoing “Table of the 60 Gopel tetrads,” viz. 
taking as coordinates of a point the four functions in any tetrad of this table, the 
locus is a 16-nodal quartic surface. 


122. To exhibit the process I take a tetrad 4, 7, 8, 11 containing two odd 
functions; and representing these for convenience by г, y, z, w, viz. writing 
%, 9;, 9%, КД (и) = z, 9, 2, W, 
we have then X, У, Z, W linear functions of the four squares, viz. it is easy to 
obtain 
а (а? + 27) — 6 (+) = 2 (a? — 6) X, 
ë ( » )— a ( » )22( » ) №, 
— В (2 — 2) + y (#' — u) = 2 (@* — y) Y, 
– у ( » )+8( » )z2( » ) Z. 


Also considering two other functions (u) and (и), or as for shortness I write 
them, % and $,, we have 


= = aX + BY + у4 + ŠW, 
У =аХ — 8 Y — yZ + ŠW, 
and substituting the foregoing values of X, Y, Z, W, we find 
MS? = Аа? + Ву: + C2 + Пи, 
„2 = Оа? + Di + Аг + Ви», 


where, writing down the values first in terms of а, В, у, Š and then in terms of 
the св, we have 


M= (е-Ф)(2-у) =}. сё—с/, 
A= [8% – ау =, — co, 

= — ad (F -— ү) + Ву (2: — 8) =, сйс? – owe, 
C= 8° – ys =, ete 


--а86(8-ур)-Ву(#-9)<„ оғо – eo; 
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and we then have further 
: Саба Уа = 0009349 + Съ, п, 
that is, 
Саса = Соба + Саут ; 


whence equating the two values of У we have the required quartic equation in 
г, y, 2, Ш. 
193. But the reduction is effected more simply if instead of the c's we introduce 
the rectangular coefficients а, b, c, &c. We then have 
M =(c"—b"), А--а с, Cab, 
B =— Бс — 0", б, D=b'b" +60, тай”; 
and the equations become 
(c? — 57) &? = — a" ca? + фор + dbe — ваи, 
(е? 0°) 9,2 = афа – аа – ас? + Ыси?, 
Мос, = Ма аг + М- bc yw, 
so that the elimination gives 
b'c” (— a" ca? + bey? + а62 — аа") (aba? — a'a y? а'с2 + bew?) 
= (c^? — 6) {aa — b" chu? + 2 М— ab" c'ayzw], 
viz. this is 
аа сс" (a + yt + 2" + и") 
+ алб с" (a? + 02) (ay? + 22и?) 
+ (b/c" (aD? + ае) — a (b^ — су) аг? 
+ (b/c" (аға + bec?) + be (6 — c"*y yw? 
— a bU'c" (a? + с?) (a*w? + 222) 
— 2 (b2 с) М ab" d аугш = 0. 
124. In this equation the coefficients of 272 and yw? are each = a'a"be (6° + с”), 
as at once appears from the identities, 
а. —c’.a"c=a(b? — с”), 
b ce —l.a'c- (6° – с"), 
‘а’. — с". be — b” (b? — с"), 
| а .сес-У ки c(b*—co*, 7 
by multiplying together in each pair the left-hand and Ше right-hand sides respec- 
tively. Substituting and dividing by — a'a"bb'cc", we have 


at + yt + zt + ил 
” b^ 4; 
НЯ mpi e stus) – EE (ама + yu) + CEE (auf + ура) 
ас. Лл у 1 A ІРУ 
207 с стум- didi E er 


аа bb cc" 
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or, if we herein restore the c's in place of the rectangular coefficients, this is 


at + ук+ ott 
4 
= EE y + tut) — SE (ere + учи) + TEE eur + уз) 
2 
CoCsCrsCrs (Ci — би) _ 
+2 иго ayzw << 0, 


which is the equation of the 16-nodal quartic surface. 


Substituting for æ, y, 2, w their values $,, 3,, Xs, S, (и), we have the equation 
connecting the four theta-functions 4, 7, 8, 11 of a Göpel tetrad. And there is an 
equation of the like form between the four functions of any other Обре! tetrad: for 
obtaining the actual equations some further investigation would be necessary. 


The xy-expressions of the theta-functions. 


125. Тће various quadrie relations between the theta-functions, admitting that 
they constitute a 13-fold relation, show that the theta-functions may be expressed as 
proportional to functions of two arbitrary parameters г, у; and two of these functions 
being assumed at pleasure the others of them would be determinate; we have of 
course (though it would not be easy to arrive at it in this manner) such a system 
in the foregoing expressions of the 16 functions in terms of г, y; and conversely 
these expressions must satisfy identically the quadric relations between the theta- 
functions. 


126. To show that this is so as to the general form of the equations, consider 
first the 2zy-factors Ма, Vab, &c. Ав regards the squared functions (Уай), we have for 
instance 


(Vaby = > (выеду, + a,b fede + 2/XY|, 
(Уса = = 5, (cal be + са fabe +2 УХУ); 
each of these contains the same irrational part av X Y, and the difference is therefore 
rational: and it is moreover integral, for we have 
(Vaby – (Уейу = 3, (abe A, — a bed) (fe, — to), 
where each factor divides by 0, and consequently the product by 6°; the value is in 


fact 
=(e-f) 1, 2+у, гу , 


1, a+b, ab 
1, с+а, са 
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a linear function of 1, 2--у, гу. This is the case as regards the difference of any 
two of the squares (Маб), (Масу, &с.; hence selecting any one of these squares, for 
instance (vde), any other of the squares is of the form 


Х + p (2 +) + изу + р (Уе), (p=1); 
and obviously, the other squares (V. ау, &с„ are of Ње like form, the last coefficient p 
being =0. We hence have the theorem that each square can be expressed as a linear 
function of any four (properly selected) squares. 

.127. But we have also the theorem of the 16 Kummer hexads. 

Obviously the six squares 

(Уау, (Wby, (vey, (Уау, (Меј, (У/у 
are а hexad, viz. each of these is a linear function of 1, 2+7, гу: and therefore 
selecting any three of them, each of the remaining three can be expressed as a linear 
function of these. 

But further the squares (Way, (Vb), (Маб), (Ved), (Усе), (Мдеу form a hexad. 
For reverting to the expression obtained for (Уабу-(Усау, the determinant contained 
therein is a linear function of aa, and bb, that is, of (Ма) and (Vb); we, in fact, have 

(a—b)| 1, zy, «y |-(b—c) (b—d)(a — а) (a— y) - (a — с) (a — d) (b — x) (b — у). 
1, a+b, ab 
|], с+а, са 

Hence (Маб) —(Vcdy is a linear function of (Уау, (МБ); and by а mere inter- 
change of letters (Vaby — (Усе), (Vaby —(Vdey, are each of them also a linear function 
of (Ма) and (Мб); whence the theorem. And we have thus all the remaining 15 
hexads. 


128. We have a like theory as regards the products of pairs of functions. A 
tetrad of pairs is of one of the two forms 


Va Nb, Мас Мос, Vad Уба, Мае Ме, and Му Маб, Ve Vde, Nd се, Мемса; 


in the first case the terms are 


vaa,bb,, 
> (аһ, a.b) Vedefo d ejf, + (све, + c fde) Vaa bb,), 
a A a »  +(dfoe,+dfee) „ }, 
а „ (eed кедей) „ }, 


and as regards the last three terms the difference of any two of them is a mere 
constant multiple of Vaabb,; for instance, the second term — the third term is 


= > (ed, — c;d) (fe, — fe) Vaa,bb,, = (e — d) (f — e) Van bb; 


www.rcin.org.pl 


704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 558 


we have thus a tetrad such that, selecting any two terms, each of the remaining 
terms is a linear function of these. 


In the second case, the terms are 


g f Vabade, + f Va роден, 
ges нь 
C " X ce oh 
ges +s „ ) 


whence clearly the four terms are a tetrad as above. And it may be added that 
any linear function of the four terms is of the form 


б [A + да) Vabode, + (X + my) Майей), 


129. Considering next the actual equations between the squared theta-functions, 
take as а specimen 
C) Зе — СЗО + су — суду = 0, 
that is, 
e (Мађу — cs (Vedy + с! (Усе) — си (Vde) = 0, 


where Cs, 6, с, Q= ab, v cd, У се, У de respectively. Since the functions (Vaby, 
&c. contain the same irrational term 2 X) Y, it is clear that the equation can only 


be true if 
се — с o06i—o-0: 


and, this being so, it will be true if 
o ((Vaby — (Уса) — с ((Мађу — (Мсеу + си ((Уађу — (Vdey) = 0, 
where, by what precedes, each of the terms in Í | is a linear function of (Уа) and 
(Vby. Attending first to the term in (Ма), the coefficient hereof is 
ef.be.bd. с» — аў. bc. be. с“ of. bd „бе. с), 


where for shortness bc, bd, &c. are written to denote the differences b — c, b — d, &oc.: 


substituting for са its value (Vcd), = са. сј. ај. аф.ае. Бе, and similarly for c and c; 
their values, =ce.cf.ef.ab.ad.bd, and de.df.ef.ab.ac.bc respectively, the whole ex- 
pression contains the factor ab.bc.bd.be.cf.df.ef, and throwing this out, the equation 
to be verified becomes 
cd . ae — ce. ad + de . ac = 0, 
с. х. 70 
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which is true identically. The verification is thus made to depend upon that of 
с — c + с — с = 0; and similarly for the other relations between the squared functions, 
the verification depends upon relations containing the fourth powers, or the products 
of squares, of the constants c and К. 


130. Among these are included the before-mentioned system of equations involving 
the fourth powers or the products of squares of only the constants c; and it is 
interesting to show how these are satisfied identically by the values ¿= У, «с. 


. Thus one of these equations is с“ + с + се = с“; substituting the values, there is 
а factor ce which divides out, and the resulting equation is 


ad . af . df. bc „бе + сў. ef .ab . ad. bd. + ab „ај. bf . сі. de — ac. ae . bd , bf . df = 0. 
There are here terms in a’, а, а which should separately vanish; for the terms 
in a’, the equation becomes 
df. bc . be + bd . of „еј + bf . са. de — bd . bf . ај = 0, 
which is easily verified; and the equations in а and а” may also be verified. 


An equation Md products a. the’ gri is _ ово — 000 + оо, = 0. The 


сусе are =bd. "T and bf. са part multiplied by the same radical, and the fiag ig to be 
verified is 


be.df—bd.cf'+bf.cd=0, 


which is right: the other equations may be verified in a similar manner. 


131. Coming next to the equations connecting the pairs of theta-functions, for 
instance 
CC — буба ћи + Субу; За = 0, 
this is 
Саб аб Са {Уфа Vad — v be Vae} + сиски . Vb Ма = 0, 


the products Vbd Vad and Уе Мае contain besides a common term the terms 


в (Че, doo) Маа, and z (efed, + efod) ад, 


hence their difference contains a. (de, —d,e)(fe, — Ёс) Vaa bb, which is =de.feVaabb,, 
that is, de. fc Va Nb: hence the equation to be verified is ° 
де. јс. ©3056, + сас, = 0; 


005600 is = У беј . аса v/aef. bed У Ђај. асе v/adf.bce, where under the fourth root we 
have 24 factors, which are, in fact, 12 factors twice repeated; and if we write 
П, = ab.ac.ad .ae.af.bc.bd .be.bf . са . се. cf. де „ај. еј, for the product of all the 15 
factors, then the 12 factors are in fact all those of IT, except ab, cf, de; viz. we have 


с0а = У I? + (aby? (cf Y (de). 
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32 factors, which are in fact 16 factors twice repeated, and in the 16 factors, ab does 
not occur, cf and de occur each twice, and the other 12 factors each once: we thus 
have 


со Аы = У TI? (of y (de): + (aby, 
and the relation to be verified assumes the form 
fc. de У 1 + (of Y (de + У (cf y (de): = 0, 
which, taking 72. ае = — У (cf) (Феј, is right. And so for the other equations. It will 
be observed that, in the equation de. (f. с;0000 + со = 0, and in the other equations 
upon which the verifications depend, there is no ambiguity of sign: the signs of the 
radicals have to be determined consistently with all the equations which connect the 


св and the Кв: that this is possible appears evident 4 priori, but the actual verification 
presents some difficulty. I do not here enter further into the question. 


Further results of the product-theorem, the и + w formule. 


132. Recurring now to the equations in w-w, w— и, by putting therein и = 0, 
we can expres X, Y, Z, W in terms of four of the squared functions of w, and by 
putting и = 0 we can express X’, У’, #, W’ in terms of four of the squared functions 
of и’; and, substituting in the original equations, we have the products 


| $( )u-w.S()u—w 
in terms of the squared functions of и and и. 


Selecting as in a former investigation the functions 4, 7, 8, 11, which were called 
г, y, 2, ш, it is more convenient to use single letters to represent the squared functions. 
I write 


9 (и + u^). 9 (и — ш) Su Su’ $70 | 
4 4 - >. 4 - р, 4 = p, 4 = Po (= сё), 
7 7 = Q, 7 = q, 7 = q, 7 = 0, 
8 8 = R, 8 = r, 8 а”, 8 = "(= oe), 
11 11 = 8, 11 = 8, 11 = 7, 1 = 0. 
Then 
"ЖАР слу ee к” ЖИ X' Y 2 W' 
Р=х — Y' +Z – ҮҮ’, р=а-В+ y — ò, p'= a — 8 + vy — Š, 
ЈУРЕ ЊЕН, д=8—7+8–а, (=8—–7+8-а, 
К=х + Y' — Z — W', r= a+ 8 — y — Š, r = a+ B — y — 9, 
S = W'+ Z — Y' — X', в=6+у-—В-—а, 8'=6+у-—В—а. 
Hence 223 ? 
a (p+r)— (9+8) = 2 (a — 6%) X, a (p +7)— ë (q' +8) = 2 (a — ë?) X", 
6 » -—— » + 2 » W, 6 » -Q » = 2 ” | де 
– В(р—т)+ у (4—8)=2(8"—) У, — B(y —т)+ у (4 —4)22(8* ү) Г, 
РРА » + В » 2 » Z, y » +8 » = $ » Z. 


70—2 
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By means of these values, we have 


4(е — 6) ХХ = #(р+") (р +") + (9+ 8) (9 +8)— аб (р+т)(ф +8) (p +”) (9+ 8)), 


4 т W'W = ë ы +a? Š — aó [ Е е 1 
4(@— y Y'Y = (р—'т(р —т)+ 7 (4—8)(4 —9)—Byl(p —7)(q —8)+(р -г)(4-з);, 
4 » #7 = ү » + 8° » — Ву | » » | 


Непсе 
| 4(# -Ф) (ХХ- W'W)- (рът) (р + 7) — (9+3) (7 + 5), 


408 у) (РУ 2 2)-(р-") 7 -т)-4-9 4 -4), 
and substituting in the expressions for P and R, 
4 (a? — 8) (@— у) P = 
(8° – у) [Cp + 7) (р +7)— (9+3) (4 + з')] — (6 — 8) (р-т) (p —7) - q—s)(q – 8)), 
+ А R= š 
"we » » MT » » 1. 
Similarly 
4 (а —0»W'X- 
аб [(p +r) (9 +r) + (q + 8) (q + #)]  & (p+ r)(q +8) — 9(4 +s) (р +r), 
©, а Бан 
» [ » » pep » -y » , 
A(P-yYZY = 
By (p — т) (p т) € (q7 9 (q -N-e -n( - s) -Y q-3 — r), 


» [ м » 1-» » _ 8° » М 


whence 


4 (02 —9)(W'X —Х Р)=— ((р + 7) (4 +8)—(р +) (4 + 9), 
&(P-y)ZY — Y'Z--(p-7( —#)—(p =") 4-3} 
and substituting in the expressions for Q and 8 
4 (2 - 8) (#—7) Q= 
— (8° — у) (ptr) (4 +8)—(р +") 4 + 9] + (@- 8) (р—т) (4 –8)—(р – т) (9 — 9). 
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133. Hence, collecting and reducing, 
4(е- ë) (8 — у) P= 
— (e — 8* + y — &) (рр — qg + rr' — ss) + (e? + 8° —* — 8) (pr + рт — qs — q's), 
4 » R= 


(a? + 8° — у — 2°) ( » )- (e — 8° + у — &) ( » À 
+ » Q- 

(a? — 8° + y — ë) ( » ) — (a? + 8° — у — 8) ( » ), 
4 * 8 = 

vat mue qued » ) + (a? — 8 ry — ë) ( » ); 
we have 
Ро (= с?) = 0% — + у — 6", T, (= с") = а? + 8° — y: — 02, 

and thence 


т? — po? = 4 (a — 8) (8° — у); 


the equations hence become 


(те — р?) P = — p, (pp — qq' + rr’ — 88) + r, (pr! + рт — 98 — 48), 


» R 8 To ( » ) — po ( » р" 
» Q= р(юф-рд+ тв – тв) – т, ( » ), 
» S--n( » ) + p ( » ) 


On writing in the equations и = 0, then P, Q, В, S, р, q, r, become = p, g, 7, s, 
Po 0, т, 0; and the equations are (as they should be) true identically. The equations 
may be written 


во ЎЗ об RD d FHSS S» 
(8—4) 4 4--4(%.4-7.7%8.8 —11.11) +8(4.8 + 8.4—7.11— 11.7), 
(-„ } В 8 +64 и у =+ » » 
(,У:7 а w4(4:1-T,448:11—11.8 ), -8(6.11-11,4:8.7 — 7.8) 
(„) 1 1 = -8( 4 ) +4( е ) 


There is of course such a system for each of the 60 Сбре! tetrads. 


Differential relations connecting the theta-functions with the quotient-functions, 


134. Imagine p, 4, т, 8, &c. changed into 22, у’, 2, w*, &c.; that is, let г, y, z, w 
represent the theta-functions 4, 7, 8, 11 of и, v; and similarly Z, у, 2, w those of 
и, v, and a, 0, z, 0 those of 0, 0. Let w,v' be each of them indefinitely small; 
and take 0, == < Ts f , ав the symbol of total differentiation in regard to и, v, 
the infinitesimals и and w being arbitrary: then, as far as the second order, we have 
in general 

S (ии, v 4v) + 9 (и, г) + OS (и, v) +40 (и, v), 
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and hence 
Р = (e + да + 19) (z — Ox + 309), = a? + [ада — (0%), 


and similarly for Q, В, S. Moreover, observing that 2 and 2 are even functions, 
у and w are odd functions, of и’, v, we have 


a, y, £, w = <> + 1o, ду», % + 102, Ow», 


where 0%), ду, &c., are what ди, ду, &c, become on writing therein и=0, 9-0; 
ду, Ow, are of course linear functions, 0%, 072, quadric functions of и and v. The 
values of 4^, $^, 2, w° are thus a + ад ар, (ду), 22 + 202, (ди; and we have 


mw, (ду 2402 (Ою) 
Фа? —yW" +%% —ww?= seo 422 +e —y +2 — и, 
wy —yu* +z =w = — ул —wu фр +a —w +2, 
qu" -yw +z -wy = 200 аз +2 —w +a —y, 
qu" — у +2 -wr = – иа? — у — 9 +2 у +. 


135. On substituting these values, the constant terms (or terms independent of 
и, v) disappear of themselves; and the equations, transposing the second and third 
of them, become 


20%) (dy) 2,0%; (ош) у 
2—2) ада —(0а |= (жа +22) +( aM zw) +(— тог +20) +( ауин—20у), 
» (0% -(ду y= —( aM! — 200?) (st Rau) -( mw-auy) -(-222 + 202), 
» {282 —(02))= (-айа +297) + аёиз—г3у%) +err +207) +( wy – zew"), 
» {wew—(dw)}= —( ауош—2,5у%) —(—аџ2 +29) —( aM zw) (аа? + 272), 


where it wil be recollected that a, y, 2, w mean %, У, У, Зи (и); 4, is 9,(0), 
that 15, с, and 2, ін 3, (0), that is, с. But the formule contain also 


0% = (0, о”, oF OU, V), ду Фр, с; фи, v), 
0% = (Св ГЕ е с“ ди, у“) ? Qu, = (On » On Ци, v). 


The formule may be written 


PN А сд. | (дс, сад? _ (en? 
( 5.0% (03) 2.9 gg е. м gu es gu eS ga 
(ы-с))4 4 4 ј= (-4 448 8)|+( 4 7-8 11) +(–4 8+8 4)|*( 411-8 7) 
ЖЕСЕ АҒЫ ER 4 7—811)|-(-4 4-8 8)|-( 411—8 7)|-(-4 8+8 4), 
„ (88 8 | (-4 8-8 4)|+( 411-8 7) +(-4 4-8 8) +( 4 7-811), 
( ј= 


-( 411-8 7)|-(-4 8-8 4)|-( 4 7-8Л1)|-(-4 4+8 8), 


where 0%,, 0%, 0с;, дец are written in place of 0%), 072, ду, Ow. "There is of course 
a like system of equations for each of the Gópel tetrads. 
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136. Observe that, dividing the first equation by У (и), or say by 92, the left- 
hand side is a mere constant multiple of 02100 9); and the right-hand side depends 
only on the quotient-functions У, + $,, S, + Y, За + $,; each side is a quadrie function 
of w, v. Equating the terms in из, ил, v? respectively, we have 


d: d° Ф 
du log Su; du dv log Ya фу log 35, 


each of them expressed as a linear function of the squares of the quotient-functions 
9,--9;, 9+9, 9. + S, The formula is thus a second-derivative formula serving for 
the expression of a double theta-function by means of three quotient-functions. 


Differential relations of the theta-functions. 
137. In *'The second set of 16," selecting the eight equations which contain Y, 
and W,, these are 


utu u—u o пи ии (Suffixes 1.) 


BU E X. y Ж 
bob фер. де, +, 
28-8 12 = Y. A 
EOS 4 ES А 
14 10-10 14 = W' - Г, 
BS ска Вах АР? 
11 9+ 9 13 =X –2, 
наны ЛЕ d 
СУРУТУУ X, 


Then, considering any line in the upper half and any two lines in the lower half, 
we can from the three equations eliminate Y, and W,, thus obtaining an equation 
such as | 


$9,,-99&, У, У |=0, 
5,9, 4-9 X, Z 
Э.Э, + Iis, ии 7 | 
viz. this is 
—9X'Z (9, 9, – S.S.) 
+( X'W + Y'Z') (9,9, +3, ) 
+(— X'W'+ Y'Z) (85,9, + Зоја) = 0, 


where the arguments of the theta-functions are as above, и+и, u—w, и+ и, u—u; 
and the suffixes of the X”, У’, Z', W' are all = 1. 
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138. Suppose that in this equation и’ becomes indefinitely small. If w were =0, 
the values of Х’, У’, Z’, W’ would be a, 0, y, 0: hence м being indefinitely small, 
we take them to be a, 08, y, 06, where 


, а / а , а ГА : 
08, = (u ре à) and 08, = (u mt” +) W, (u=v=0), 
are, in fact, linear functions of w' and 7. 


We һауе 3,3, — 99, standing for 


S, (и и) 9, (u =w) — S (и фи) S, (и — и), 
and here 


S, (и + и’) zt, + д%,, Yo (и +u )= Y t 0%; 
the function in question is thus 
(3, rr 9.) (% ET] 0%) Y (9; "я 03.) (% + os) =2 (509, (2; 9,0%), 
а 


where the arguments аге и, v, and the 0 denotes w ys до 


Also S + 9.9,, that is, 9, (ш +0) 8 (и—иј+ S, (uw) Ә, (и —w), becomes simply 
= 29,9), and similarly 9,3, + S becomes =29,,8,; and the equation thus is 
— 2ayy, (3,09. — 9,09) + (0408, + ,08,) Уз, + (— 0498, + 1.081) N9 = 0, 
where the proper suffix 1 is restored to the a, 08, у, and 06. 
139. The equation shows that the differential combination 9,09, — 9.09, is a linear 


function of 9,3, and Уд» the coefficients of these products being of course linear 
functions of w and v. Writing the equation 


9,03, — 3,03, = AS S, + В9,,%;, 
we can if we please determine the coefficients in terms of the constants с, c", с”, c", с; 
viz. taking и, v indefinitely small, we have 
же, =w (с, u + civ) + v (ciu + cu), 
9, = с, 0S = w (c и + ev) + v' (с и + cy), 
S =c, . 9, = Cs U + C$ v, 
узо, Sau ^ 035040370, 


or substituting, and equating the coefficients of и and v respectively, we have 


”т 


со (с, W + cv) — с, (со и + ст) = Асу + Boos, 
с, (cw + ev) — с, (ew + с”) = Aces’ + Boos, 


which equations give Ше values of А, В. 


140. Disregarding the values of the coefficients, and attending only to the form 
of the equation | | 
3.0%, — TOY = AIA + ВУ, 
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this is one of a system of 120 equations; viz. referring to Ше foregoing table of 
‘the 120 pairs, it in fact appears that taking any pair such as S, out of the upper 
compartment or the lower compartment of any column of the table, the corresponding 
differential combination 9,09,- 9,09, is a linear function of any two of the four pairs 
in the other compartment of the same column. 


Differential relation of и, v and. а, y. 


141. We have, as before, in the two notations, the pairs 


ха“ B. 
О. ФЕ. 5.9 
DO "за 
E UD на 
F.AB 10.6. 


From the expressions given above for the four pairs below the line, it is clear that 
any linear function of these four pairs may be represented by 


(a — ші 5 (X + my) Vedeta,b, + (X + ux) Vc d e fab}, 


Er 


where А, ш are constant. coefficients: the factor (а--0) has been introduced for con- 
venience, as will appear. 


We have consequently a relation 
Маа, а УЂЕ, — V bb, дуаа = 2 га Pick + шу) V cdefa b, + (№ + ua) Vc d e fab], 


where, as before, д is used to denote и 5. +04 ‚и and v being arbitrary multipliers ; 
considering w, v as functions of z, y, we have 


а _de d „ша 
du dudz * du dy’ 


d de d ма 
dv dvds dv dy’ | 
and thence a= PT +94, if for shortness P and Q are written to denote "m = 


v 
and и r. +7 z respectively. 


142. The left-hand side then is 
= P (aa, 2. VBb, — VBb, Vaa) + Q (vsa, g, УБ, — VBb, q, Vna, 
% ‘dæ ў ‘da у 'dy 4 ‘dy ЛЕ 


с. x. 71 
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the coefficients of P and Q are at once found to be 

TAE 3 _ 4 @& 2b) ab. 
Vab | Мар, 

respectively, or е ар. that a—b, =a,—b 


РУ ab = Ê (+ my) Мапе, b, + (A + pa) Vede fab} ; 


or multiplying by Vabab, and writing for shortness abcdef = X, abcdef = F, this 


£4.44 
becomes 


-а-- b, the equation becomes 


ab, [P 50 пу) X] + ab (04-5 +e) МУ) - 
143. "There are, it 1s clear, the like equations 
be, {Р+$0/ Tuy ) X) + be RJO + ит) МУ) = 
ca, [P 207 + uy) VX] + са (Q +50" + и) МУ] = 


and it is to be shown that A= => and и= ш =u” For this purpose, recurring 
to the forms 


Маа, dV bb, — V bb, дМаа, = dt + uy) Vedefab,+(r + ш) Vedefab}, 
vbb, дусе, — Vee, dV bb, = Зи, + шу) Маде с, + ( + uz) Vad e е), 


Мес, Vaa, — Маа, Ncc, = Me (QV + uy) V bdefca, + (^” + ua) V b Де fca], 


£X 


multiply the first equation by Vcc, the second by waa, and the third by vbb, and 
add: the left-hand side vanishes, and therefore the right-hand side must also vanish 
identically. 


144, But on the right-hand side we have the term 5 5 "defi be, b,c, multiplied by 


(a — b) e (N+ шу) + (b — c) à (№ + шу) + (c — a) b (7 + py), 


and the term — à 1 de fabc аре multiplied by 


(a — b) c, (À + pa) + (b — c) a, (У + ша) + (e — a) b, (V + и”), 


and it is clear that the whole can vanish only if these two coefficients separately 
vanish. This will be the case if we have for X, №, A" the equations 


(a — b) X -- (b — c) M + (c — a) A" = 0, 


с » + а » °P b > та 0, 
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and the like equations for и, w, ш”. The equations written down give 
(a —b) X : (b —c) N.: (c-a)X'2a—-b:b—c:c—a, 
that is, A= X = A": and similarly u =p = p”. 
145. But this being so, the three equations in P, Q give 


P +3 p X =0, 9+9 + na) Y = 0, 
that 18, 


In these equations «w and v are arbitrary; hence X and ш must be linear 
functions of и and v'; say their values are -ти +ру, си + т” respectively. We 
have therefore 


da de _ 


or, what is the same thing, 
- 40 7 x = (9+ ay) du + (p + ту) dv, 


тИ јр "(и + on) du + (р + та) би, 


whence also 


adu + тап = (5-2), 
adu + pdv = - (200-00), 


which are the required relations, depending on the square roots of the sextic functions 
X =abedef, and Y=abedef, of z and y respectively; but containing the constants 
т, p, с, т, the values of which are not as yet ascertained. 


146. I commence the integration of these equations on the assumption that the 
values и =0, v 20 correspond to indefinitely large values of z and y. We have 


S š 8 
where S=a+b+c+d+e+/; and thence the equations are 
4 38 dy (, + #8 
adu + rdv = i +2 +..)- = (1+ = +.) 


wdu+ pdv = — + — = 2 (1 +39 + e) (1 +82... 
71—2 
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Hence integrating, we have 


RE d 
ewe mm - (o) 


ши + ри = G-r (i-i) t 


y y 
and thence 
ти +ро+ 48 (ги +т0) = (2 ->) +..., 
. 1 -1 
where the omitted terms depend on %% &c. 
Hence, neglecting these terms, we have 
ш ФИН, ар 747 G + У 
ти + ро + 19(си+те) \ y’ 


an equation connecting the indefinitely small values of и, v, with the indefinitely 
large values of г, y. 


147. From the equations А = kn% Ма, В = Ке Vb, taking (и, v) indefinitely small 
and therefore (ғ, y) indefinitely large, we deduce 


Rn +) 
i-a eg) 


hence substituting for 5%; the foregoing value, and introducing ап indeterminate 


Cy U + си % 
c/u +o 


и 
k, 


multiplier M, we obtain 
Cn + си v = Mkn {ou + pv + 18 (си + то) + a (си + то), 
which breaks up into the two equations 


ox = Mk. {т + (8 + фа) а), с = МЕ, [p - (38 + а) r). 


Similarl 
4 су = МЕ, | 4 6 |, % = И | » р |, 
в = М | и с } су = Mk; | й os} 
ey = Mk, Í 7 d |, Gs = М, { b а }, 
са = МК. | 5 e } оға МЕ. | ^ е“ 
с МЕ 1 Ey ы за Ма ET је 


which twelve equations determine the coefficients т, c, p, т in terms of the с, c" 
of the odd functions 5, 7, 10, 11, 13, 14; and moreover give rise to relations connecting 
these с’, с” with each other and with the constants а, b, c, d, e, f. 

148. It is observed that if, as before, 


d d d 
д = Ре, e “ву: 
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then, substituting for P and Q their values, we have 

_ 2 É я d >d ‚А * d = 4 

= (mu + p) 0, + (cw + т) d, 


if for shortness 
а-- (ИХ + УУ Д), аи a (v X 2 +e VY 2), 
then operating with ð on the equations А = wkn Vab, &e., we have for instance 
АӘВ – BOA = w°knk,| (mw + pv’) (Va0,Vb — У50,Уа) 
+ (аи! + rv’) (Va ON b — У50,Уа)), 
which is one of a system of 120 equations, the 4, B being in fact any two of the 


16 functions. 


These are in fact nothing else than the foregoing system of 120 equations giving 
the values of the differential combinations 3,09, — 9,09,, &с., each as а sum of products 
of pairs of functions, only on the right-hand sides we have expressions such as 
Мад, — МБдМа, &c., which present themselves as perfectly determinate functions of 
г, y: во that, regarding ти + pw, си +r as given linear functions of the arbitrary 
quantities a’, 9, there із по longer anything indeterminate in the form of the equations, 


www.rcin.org.pl 


